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Handout 5: Properties of Information Measures 2
Instructor: Shashank Vatedka

Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications.
Please email the course instructor in case of any errors.

5.1 Convexity properties of information measures

The log-sum inequality that we studied in the last class will prove helpful in studying the convexity properties
of information measures.

Let us first show that the KL divergence is convex.

Lemma 5.1. Dpp}qq is convex in pp, qq.

Proof. We need to show that for every α P r0, 1s and pmfs pp1, q1q and pp2, q2q,

Dpαp1 ` p1´ αqp2}αq1 ` p1´ αqq2q ď αDpp1}q1q ` p1´ αqDpp2}q2q.

However,

Dpαp1 ` p1´ αqp2}αq1 ` p1´ αqq2q “
ÿ

x

ˆ

pαp1pxq ` p1´ αqp2pxqq log2

pαp1pxq ` p1´ αqp2pxqq

pαq1pxq ` p1´ αqq2pxqq

˙

ď
ÿ

x

ˆ

αp1pxq log2

αp1pxq

αq1pxq
` p1´ αqp2pxq log2

p1´ αqp2pxq

p1´ αqq2pxq

˙

“ α

˜

ÿ

x

p1pxq log2

p1pxq

q1pxq

¸

` p1´ αq

˜

ÿ

x

p2pxq log2

p2pxq

q2pxq

¸

“ αDpp1}q1q ` p1´ αqDpp2}q2q

where in the second step, we have used the log-sum inequality.

Corollary 5.2. The entropy HpXq is a concave function of pX .

Proof. Let u denote the uniform distribution on X and p1, p2 be two distributions.

The trick is to write entropy as a KL divergence: HppXq “ log |X | ´DppX}uq (Verify!).

Hpαp1 ` p1´ αqp2q “ log |X | ´Dpαp1 ` p1´ αqp2}αu` p1´ αquq
ě log |X | ´ αDpp1}uq ´ p1´ αqDpp2}uq
“ α plog |X | ´Dpp1}uqq ` p1´ αq plog |X | ´Dpp2}uqq
“ αHpp1q ` p1´ αqHpp2q,

where in the second step we have used convexity of KL divergence.
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The above corollary means that maximizing the entropy is not a hopeless task. One can use any convex
solver to do this.

Lemma 5.3. IpX;Y q is a concave function of pX for fixed pY |X . It is a convex function of pY |X for fixed
pX .

Proof. To prove the first part, observe that

IpX;Y q “ HpY q ´HpY |Xq “ Hp
ÿ

x

pY |Xpy|xqpXpxqq `
ÿ

y

ÿ

x

pY |Xpy|xqpXpxq log2 pY |Xpy|xq.

The first term is a concave function of pX (from the previous corollary). The second term is linear in pX for
a fixed pY |X . Therefore, IpX;Y q is concave in pX for fixed pY |X .

To prove the second part, consider pY |X and qY |X and pX . We have,

pXY px, yq “ pY |Xpy|xqpXpxq, qXY px, yq “ qY |Xpy|xqpXpxq

and
pY pyq “

ÿ

x

pY |Xpy|xqpXpxq, qY pyq “
ÿ

x

qY |Xpy|xqpXpxq.

The mutual information can be written as

fppY |X , pXq “ DppXY }pXpY q.

Therefore, by linearity

fpαpY |X ` p1´ αqqY |X , pXq “ DpαpXY ` p1´ αqqXY }αpXpY ` p1´ αqpXqY q

Using the property that KL divergence is convex,

fpαpY |X ` p1´ αqqY |X , pXq ď αfppY |X , pXq ` p1´ αqfpqY |X , pXq,

thus completing the proof.

The above lemma implies that we can maximize IpX;Y q with respect to pX (as we usually do to find channel
capacity) implying that there is a “best” distribution for a channel, and minimize IpX;Y q with respect to
pY |X (implying that there is a “worst” channel for an input distribution).

5.2 Data processing inequality

We say that X,Y, Z form a Markov chain, denoted X ´ Y ´ Z if

pXY Zpx, y, zq “ pXpxqpY |Xpy|xqpZ|Y pz|yq.

• If Y denotes the encoding of X and Z is obtained by passing Y through a noisy channel, then X´Y ´Z.

• Likewise, if Y is obtained by passing X through a channel and Z is obtained by decoding from Y , then
X ´ Y ´ Z.

• X ´ Y ´ Z also implies that

pXY Zpx, y, zq “ pZpzqpY |Zpy|zqpX|Y px|yq.

To show the above, it suffices to prove that pX|Y Zpx|yzq “ pX|Y px|yq. This can be shown using Bayes
rule and the definition of X ´ Y ´ Z.
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• If X ´ Y ´ Z, then X and Z are conditionally independent given Y , implying that

IpX;Z|Y q “ 0.

Lemma 5.4 (Data processing inequality). If X ´ Y ´ Z, then IpX;Y q ě IpX;Zq. In other words, further
processing cannot increase mutual information.

Proof. Using the chain rule of mutual information,

IpX;Y,Zq “ IpX;Zq ` IpX;Y |Zq ě IpX;Zq.

However,
IpX;Y,Zq “ IpX;Y q ` IpX;Z|Y q “ IpX;Y q

since X,Z are conditionally independent given Y . Combining the above equations,

IpX;Y q ě IpX;Zq.

• The data processing inequality reveals that no amount of preprocessing or postprocessing may increase
the capacity of a noisy channel.

5.3 Fano’s inequality

Suppose that X, X̂, Y are jointly distributed random variables, where X̂ is to be interpreted as an estimate
of X from Y . More precisely, X ´ Y ´ X̂ forms a Markov chain. For example, X could be a message, Y the
received vector, and X̂ the decoder’s estimate of X. Define the probability of error

Pe
def
“ PrrX ‰ X̂s.

Lemma 5.5 (Fano’s inequality).

HpX|Y q ď HpX|X̂q ď H2pPeq ` Pe log2 |X |.

Proof. Let us define a new random variable

E “

#

1, if X ‰ X̂

0, if X “ X̂.

Using the chain rule of entropy,

HpX|X̂q “ HpX,E|X̂q ´HpE|X, X̂q “ HpX,E|X̂q

where the last step follows from the fact that E is a function of pX, X̂q and therefore HpE|X, X̂q “ 0. Using
the chain rule on HpX,E|X̂q, we have

HpX|X̂q “ HpE|X̂q `HpX|E, X̂q ď HpEq `HpX|E, X̂q “ H2pPeq `HpX|E, X̂q.

The inequality above follows from the property that conditioning reduces entropy.
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HpX|X̂q ď H2pPeq `HpX|X̂, Eq

“ H2pPeq `HpX|X̂, E “ 0qPrrE “ 0s `HpX|X̂, E “ 1qPrrE “ 1s

“ H2pPeq ` 0ˆ PrrE “ 0s `HpX|X̂, E “ 1qPrrE “ 1s

where the last step follows from the fact that if E “ 1, then X̂ “ X and therefore HpX|X̂, E “ 0q “ 0.

HpX|X̂q ď H2pPeq `HpX|X̂, E “ 1qPrrE “ 1s

“ H2pPeq `HpX|X̂, E “ 1qPe

ď H2pPeq `HpXqPe

ď H2pPeq ` log2 |X | ˆ Pe (5.1)

Since X ´ Y ´ X̂,
IpX; X̂q ď IpX;Y q

by the data processing inequality. By the definition of mutual information,

HpXq ´HpX|X̂q ď HpXq ´HpX|Y q

or
HpX|X̂q ě HpX|Y q

Using the above in (5.1),
HpX|Y q ď HpX|X̂q ď H2pPeq ` Pe log2 |X |,

completing the proof.
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