LAPLACE TRANSFORMS

G. Ramesh

21 Sep 2015




OUTLINE

® LECTURE-IV




Lecture-IV

LAPLACE TRANSFORM OF DERIVATIVES

Let f: [0,00) — R be a continuous function with exponential
order a. Assume that f’ is piecewise continuous. Then

o L(f") exists and
o L(f") = sL(f) — £(0).
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LAPLACE TRANSFORM OF DERIVATIVES

Let f: [0,00) — R be a continuous function with exponential
order . Assume that " is piecewise continuous. Then
o L(f") exists and
o L(f") = sL(f) — f(0).
Example
@ Let f(t) = sin?(t). Find £(f)?
Ans: L(f) =

® Find L(t sin(wt)), t € [0, 00)?.




Lecture-IV

LAPLACE TRANSFORM OF DERIVATIVES

Let f: [0,00) — R be a continuous function with exponential
order a. Assume that f’ is piecewise continuous. Then
o L(f") exists and
o L(f") = sL(f) — f(0).
Example
@ Let f(t) = sin?(t). Find £(f)?
Ans: L(f) = ———.
ns: L(f) S(s2 1 4)
® Find L(t sin(wt)), t € [0, 00)?.

2ws



Lecture-IV
GENERALIZATION

THEOREM
Letf,f' f',--- 71 be continuous on [0, >) and
fi(j=1,2,...,n) be of exponential order o. Then " is

piecewise continuous and

L(f") = s"L(f) — s"1£(0) — s"2f(0)—,...,—f""1(0).
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Letf,f' f',--- 71 be continuous on [0, >) and
fi(j=1,2,...,n) be of exponential order o. Then " is

piecewise continuous and
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Example
Solve the IVP: y' + 4y = €, y(0) = 2.
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Lecture-IV
GENERALIZATION

THEOREM
Letf,f' f',--- 71 be continuous on [0, >) and
fi(j=1,2,...,n) be of exponential order o. Then " is

piecewise continuous and

L(f") = s"L(f) — s"1£(0) — s"2f(0)—,...,—f""1(0).
Example
Solve the IVP: y' + 4y = €, y(0) = 2.
9, 1 1, 1
=562 5
VTR I
y(t) = € + 56"



Lecture-IV

LAPLACE TRANSFORMS FOR INTEGRALS

THEOREM
Let f: [0,00) — R be a piecewise continuous function with
exponential order «. Then

ﬁ(/otf(u)du) = ]—"(s), (>0, s>a)

S

Hence £~' (J:‘(:)> = /Otf(u)du).
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LAPLACE TRANSFORMS FOR INTEGRALS

THEOREM
Let f: [0,00) — R be a piecewise continuous function with
exponential order «. Then

£(/Otf(u)du> = ]—"(s), (>0, s>a)

s
Hence £~ (J:‘(:)> = /Otf(u)du).

EXAMPLE-1

1
; 1
Find £ <s(32 " w2)>




Lecture-IV

LAPLACE TRANSFORMS FOR INTEGRALS

THEOREM
Let f: [0,00) — R be a piecewise continuous function with
exponential order «. Then

£(/Otf(u)du> :]:fg‘g), (>0, s>a)
Hence £~ (J:‘(:)> = /Otf(u)du).

EXAMPLE-1

1
- —1

Find £ <s(32 " w2)>

1 — cos(wt)

w2 |

Answer: f(t) =




Lecture-IV

EXAMPLE-2

1
i —1
Find £ <32(32 n W2)>




Lecture-IV

EXAMPLE-2
1
Fi e
ind £ <32(32 n W2)>
__sin(wt)
Answer: f(t) = —%—

W2




Lecture-IV

DIFFERENTIATION OF LAPLACE TRANSFORMS

THEOREM
Let f: [0, 00) — R be piecewise continuous and has
exponential order «. Then

L(F(s)) = (=1)(t(1)).

Hence £~ (tf(t)) = (1) Z(F(s)).

EXAMPLES
32 . W2
. 2ws




Lecture-IV

EXERCISES
Find the inverse Laplace transforms of the following:

o L1 (Iog(%))
o L1 <Iog(%))




Lecture-IV

INTEGRATION OF LAPLACE TRANSFORM
Let f: [0,00) — R be a piecewise continuous function with

f :
exponenetial order . Assume that lim (tt) exists. Then

t—0+

/:o F(u)du = £ (“P) (s> a).

EXAMPLES

sint _ _
0 £ (1) = [ ok =5 —tan'(s) =tan'(1), 5> 0
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INTEGRATION OF LAPLACE TRANSFORM
Let f: [0,00) — R be a piecewise continuous function with

: . f :
exponenetial order . Assume that t|lr‘(l)’1 (tt) exists. Then
—0+

/:o F(u)du = £ (“P) (s> a).

EXAMPLES

sint s - _ _
0£<t):fs @ridx = —tan~'(s) =tan~'(3), >0

® L (smt; Wt) _




Lecture-IV

INTEGRATION OF LAPLACE TRANSFORM
Let f: [0,00) — R be a piecewise continuous function with

: . f :
exponenetial order . Assume that t|lr‘(l)’1 (tt) exists. Then
—0+

/:o F(u)du = £ (“P) (s> a).

EXAMPLES

sint s - _ _
0£<t):fs @ridx = —tan~'(s) =tan~'(3), >0

® L (smt; Wt) _

In$£2 (s> w).

n|—




Lecture-1V
CONVOLUTION PRODUCT

Let f,g: [0,00) — R be two functions. Then the convolution of f
and g is defined by

(f=9)(t) /f (t—7)d

if the above integral exists.




Lecture-1V
CONVOLUTION PRODUCT

Let f,g: [0,00) — R be two functions. Then the convolution of f
and g is defined by

(F=9g)(t /f (t—7)d

if the above integral exists.
If f, g are piecewise continuous, the the above integral exists.

EXAMPLE
Let 7(t) = e’ and g(t) = t. Then

(Fxg)(t)=el —t—1.




Lecture-IV

LAPLACE TRANSFORM
If f,g:[0,00) — R are piecewise continuous with exponential
order «, then

L(f = g) = L(f).L(9)(s > a)




Lecture-IV

LAPLACE TRANSFORM
If f,g:[0,00) — R are piecewise continuous with exponential
order «, then

L(fxg)=L(F).L(g)(s > )

@ Find £ (%)
@ Find £ (17
® Solve the integral equation

t
y(t) =t + /0 y(r)sin(t — 7)dr.
e 4 4444




Lecture-IV
PARTIAL FRACTIONS

Useful in finding the inverse Laplace transform when it is
difficult to recognize that a given function is a Laplace transform
of a known function.
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Lecture-IV
PARTIAL FRACTIONS

Useful in finding the inverse Laplace transform when it is
difficult to recognize that a given function is a Laplace transform
of a known function.

EXAMPLE

F(s) = (3_2)1(3_3); (s>3)

. A B
Write F(s) = Py + s 3 (A, B are constants)




Lecture-IV
PARTIAL FRACTIONS

Useful in finding the inverse Laplace transform when it is
difficult to recognize that a given function is a Laplace transform
of a known function.

EXAMPLE
1
A
Write F(s) = ot (A, B are constants)

s—3
Substituting s = 2, we get A= —1.




Lecture-IV
PARTIAL FRACTIONS

Useful in finding the inverse Laplace transform when it is
difficult to recognize that a given function is a Laplace transform
of a known function.

EXAMPLE
1
Write F(s) = s (A, B are constants)

s—3
Substituting s = 2, we get A= —1.

s=3gives B=1.

1 1
H =—F - —=.
ence F(S) s 3 5.2




Lecture-IV
LINEAR FACTORS

P
Let F(s) = ﬂ where P and Q are polynomials in s such
that

© degree of P is less than or equals to the degree of Q
® P and Q have no common factors.

Q(s)
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P
Let F(s) = QESS;; where P and Q are polynomials in s such
that

© degree of P is less than or equals to the degree of Q
® P and Q have no common factors.

Then
©® For each factor of the form as + b of Q(s), there

corresponds a partial fraction of the form

A
as+b( s a

contsant)




Lecture-IV
LINEAR FACTORS

P
Let F(s) = QESS;; where P and Q are polynomials in s such
that

© degree of P is less than or equals to the degree of Q
® P and Q have no common factors.

Then
©® For each factor of the form as + b of Q(s), there

corresponds a partial fraction of the form

as+b (Alsa
contsant)
® For each repeated linear factor of the form (as + b)” of
Q(s), there corresponds a partial fraction of the form
A1 L A2 + .-+ 7'7(
as+b (as+ b)? (as+ b)"

Ais are contsants)




Lecture-IV
QUADRATIC FACTORS

© For each factor of the form as? + bs + ¢ of Q(s), there
As+ B

corresponds a partial fraction of the form ————
asc+bs+c

(A, B are contsants)




Lecture-IV
QUADRATIC FACTORS

© For each factor of the form as? + bs + ¢ of Q(s), there
As+ B

corresponds a partial fraction of the form ————
asc+bs+c

(A, B are contsants)

@ For each repeated factor of the form (as? + bs + ¢)" of
Q(s), there corresponds a partial fraction of the form

Ais + By Ass+ Bs Ans+ B
as? 4+ bs+c  (as? + bs+ c)? (as? + bs +c)"

(Aj, Bjs are contsants)




Lecture-IV
EXAMPLES

. _ S+ 1
F|nd£ 1(32(5_1)>,S>1




Lecture-IV
EXAMPLES

. _ S+ 1
F|nd£ 1(32(5_1)>,S>1
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: s?(s—1) s? s—1




Lecture-IV
EXAMPLES

. _ S+ 1
F|nd£ 1(32(5_1)>,S>1

s+1  As+B C

: s?(s—1) 2 s—1
e substitutings=0,1,2,wegetB=-1, C=2, A=1




Lecture-IV
EXAMPLES

. _ S+ 1
F|nd£ 1(32(5_1)>,S>1

. S+ 1 _As+BJr C
s2(s—1) &2 s—1
e substitutings=0,1,2,wegetB=-1, C=2, A=1

. 5—1(32?:_11)) =1-t+2¢.




Lecture-IV
EXAMPLES

. _ S+ 1
F|nd£ 1(32(5_1)>,S>1

. S+ 1 _As+BJr C
s2(s—1) &2 s—1
e substitutings=0,1,2,wegetB=-1, C=2, A=1

. 5—1(32?:_11)) =1-t+2¢.

252
(s2+1)(s—1)2

FindE“( );s>1




Lecture-IV
EXAMPLES

s+l oy

Find £ (32(5_1)),s>1

. S+ 1 _As+BJr C
s2(s—1) &2 s—1
e substitutings=0,1,2,wegetB=-1, C=2, A=1
_4( S+1 4 ¢
o [ (32(8—1)>_1 t+ 2¢€'.

252

Fi 1 : 1

ind £ <(s2+1)(s—1)2>'s>

Solution: — cos(t) + ef + te'.




Lecture-IV

Solve the IVP:

y'+3y'+2y=t+1, y(0)=1, y'(0)=0.




Lecture-IV

Solve the IVP:

y'+3y'+2y=t+1, y(0)=1, y'(0)=0.

s3+3s2+s5+1
o L(y)= ;

T2+ ° T




Lecture-IV

Solve the IVP:

y'+3y'+2y=t+1, y(0)=1, y'(0)=0.

. L )_33+332+s+1_ s~
= 21 1)s+2)
$$+38s2+s+1 As+b C D

: s?(s+1)(s+2) s? Jrs+1+s+2




Lecture-IV

Solve the IVP:

P +3s%+5+1
« L(y) = :

- ; §>0
s?(s+1)(s+2) >

.33+332+s+1_As+bJr C N D

2(s+1)(s+2) &2 s+1 st2

.A:T’ Bzé’ C;‘:Z7 Dzi




Lecture-IV

Solve the IVP:

y'+3y'+2y=t+1, y(0)=1, y'(0)=0.

34352 +s5+1

* L= R L 70
.33+332+s+1:As+b+ C N D
s?(s+1)(s+2) s? s+1 s+2
.A:_T‘I,B:%,CZZ,D:_TS

« y(t) =4 —+2e' - e




Lecture-IV
PERIODIC FUNCTIONS

A function f : R — R is called periodic with period L if ’

f(x) =f(x+ L) forall x e R




Lecture-IV
PERIODIC FUNCTIONS

A function f : R — R is called periodic with period L if
f(x) =f(x+ L) forall x e R

EXAMPLES
© the functions cos(x), sin(x) are periodic with period 27

® the functions tan(x) and cot(x) are periodic with period =
® A constant function is periodic with any period

® f(x) = x", x € R (n € N) is not periodic

@ the functions e*, cosh(x) are not periodic
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foreachne Z




Lecture-IV

If L is a period for a periodic function, then nL is a period
foreachne Z

the smallest period is called the fundamental period for the
function.

2 is the fundamental period for cos(x) and sin(x)

a constant function has no fundamental period.




Lecture-IV

If L is a period for a periodic function, then nL is a period
foreachne Z

the smallest period is called the fundamental period for the
function.

2 is the fundamental period for cos(x) and sin(x)

a constant function has no fundamental period.

THEOREM
Let f be a periodic function with period L and L(f) = F(s).
Then

1 L
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