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Laplace transform

Uses of Laplace transform
e solving the problems that arise in engineering as well as in
Mathematics

e The Ordinary differential Equations and partial differential
equations describe certain quantities that vary with time
e current in an electrical circuit
¢ oscillations of a vibrating string
o the heat flow through an insulated conductor
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Uses of Laplace transform
e solving the problems that arise in engineering as well as in
Mathematics
e The Ordinary differential Equations and partial differential
equations describe certain quantities that vary with time

e current in an electrical circuit
¢ oscillations of a vibrating string
o the heat flow through an insulated conductor

(Example: Initial Value Problem)

y' +4y=¢€', y(0)=2.




Laplace transform
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Let F(x) = Z anx", where {an}52 , be a sequence.
n=0

e ap=1foralln=0,1,2,...,then F(x) =
x| <1

for all
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Laplace transform
POWER SERIES

Let F(x) = Z anx", where {an}52 , be a sequence.
n=0

. a,,:1foraIIn:0,1,2,...,thenF(x):1 Xforall
|x| < 1
1
o an:ﬁforalln:0,1,2,...,then F(x)=¢eXforall x e R

Continuous Analogue

Substitute s = —log(x), x > 0.
Then F(s) = / e~ Stf(1)dt
0



Laplace transform
LAPLACE TRANSFORMS

DEFINITION
Let f: [0,00) — R be a function. The Laplace transform of f is
defined by

L(f) := /OOO e Stf(t)at

if the above integral exists. The Laplace transform of f is also
denoted by F(s).
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LAPLACE TRANSFORMS

DEFINITION
Let f: [0,00) — R be a function. The Laplace transform of f is
defined by

L(f) := /OOO e Stf(t)at

if the above integral exists. The Laplace transform of f is also
denoted by F(s).

[ b
Note: / e S'f(t)dt = lim / e S'f(t)dt
0 b—oo Jo
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Xxamples

© Let f(t) =1 forall t € [0,00).
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Laplace transform

xamples
® Letf(t) =1forall t € [0,00). Then L(f) = 15, §>0
@® Let f(t) =tforall t € [0,00). Then L(f) = ;2, s>0

© Letf(t)=1t", ne Nforall t € [0,00).Then
n!

Integration by parts

WV = /

a

b

b
u'(x)v(x) dx+/ u(x)v'(x) dx.

a




Laplace transform
EXAMPLES

©® Let ac R be fixed and f(t) = e?, t € [0, 00). Then
1
fl=——
L(f) s_z 574
® Let f(t) = e, t € [0,00), w € R. Then
1
L(f) = pa—” s> wor Re(s) >w
® Leta> —1and f(t) =14 t€[0,00). Then

r 1
L(f) = (SaaL ), s> 0. Here I'(x) = / e 114t the
0

Gamma function




Laplace transform
PIECEWISE CONTINUOUS

Definition

A function f : (0,b) — R is said to be piecewise continuous if f
is continuous on (0, b) except possibly at finite number of points
{ti - i=1,2,...n} at which f has a jump discontinuity.




Laplace transform
PIECEWISE CONTINUOUS

Definition

A function f : (0,b) — R is said to be piecewise continuous if f
is continuous on (0, b) except possibly at finite number of points
{ti - i=1,2,...n} at which f has a jump discontinuity.

A function g : [0,00) — R is said to be piecewise continuous on
[0, 00) if g is piecewise continuous on every finite sub interval of
[0, ).
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Laplace transform

Examples
© every continuous function is piecewise continuous
1,t>0 : ,
® f(t) = is piecewise continuous
—1,t<0.

® g(t) = :2, te(—1,1)\ {0} is not piecewise continuous




Laplace transform
EXPONENTIAL ORDER

A function f : [0,00) — R is said to be of exponential order «, if
there exists constants M > 0 and « such that for some #, > 0,

we have
|f(1)] < Me®t forall t > t

Examples
e every bounded function on [0, co) is of exponential order 0
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Laplace transform
EXPONENTIAL ORDER

A function f : [0,00) — R is said to be of exponential order «, if
there exists constants M > 0 and « such that for some #, > 0,

we have
|f(1)] < Me®t forall t > t

Examples
e every bounded function on [0, co) is of exponential order 0
o f(t) = e has exponential order a = a

e g(t)=t"forall t € [0,00) is has exponential order « for
any a > 0

e h(t) = ' is not of exponential order.



Laplace transform

EXISTENCE OF LAPLACE TRANSFORM

Let f: [0,00) — R be a function satisfying
e fis piecewise continuous

e fis of exponential order with order «.

Then L(f) exists for all s > «.




Laplace transform

”
O Let () = 77 t > 0. Then L(f) exists, but f is not

piecewise continuous but has exponential order




Laplace transform

”
O Let () = 77 t > 0. Then L(f) exists, but f is not

piecewise continuous but has exponential order

® g(t) = 2te’ cos(t2), t € [0, 00). Then f is continuous but
not of exponential order. But £(f) exists.




Properties

Let D(L) := {f : [0,00) — R : f is piecewise continuous and exponent
Then
e Lislinear. Thatis L(af + bg) = aL(f) + L(g) for all
f,ge D(L), a,beR
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Properties

Let D(L) := {f : [0,00) — R : f is piecewise continuous and exponent
Then

e Lislinear. Thatis L(af + bg) = aL(f) + L(g) for all

f,ge D(L), a,beR

Example
Find the L(f), where f(t) = cosh(at), t € [0, o0)
Answer: L(f) = Z_p 5”&
Find the Laplace transform of f(t) = cos(wt), t € [0, )

S
Answer: F(S) = ———, S> W
(8)=Z 2 $>
O L(sin(wt)) = LA > w
2+ w?
. a
@ E(S|nh(at)) = m, S>a



Laplace transform

Vanishing property
Let f : [0, o) be piecewise continuous and has exponential order
a. Then F(s) - 0as s — oc.




Laplace transform

Vanishing property
Let f : [0, o) be piecewise continuous and has exponential order
a. Then F(s) - 0as s — oc.

The functions
© Fi(s)= &5, s> -1
® 7(s)=%, s>0

® 73(s)=¢5% scR

cannot be Laplace transform of any function.
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Laplace transform
FIRST SHIFT THEOREM

Example

e g(t) =e?, te[0,00). Then L(g) = %, s>a

;
(s—a)*’

o g(t) = €t, t € [0,00). Then £(g) = e




Laplace transform
FIRST SHIFT THEOREM

Example

o g(t)= e, te[0,00). Then L(g) = %a’ s>a
1

e g(t) = e?t, t € [0,00). Then L(g) = G_ap’

S>a

First Shift Theorem
Let f: [0,00) — R be such that £(f) exists. Then

L£(e%f(f)) = F(s—a), s> a.




Laplace transform
HEAVISIDE STEP FUNCTION

Let a > 0. The the Heaviside step function or the delayed unit
step function is defined by
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Let a > 0. The the Heaviside step function or the delayed unit
step function is defined by

Then the L(ug(t)) =




Laplace transform
HEAVISIDE STEP FUNCTION

Let a > 0. The the Heaviside step function or the delayed unit
step function is defined by

Then the £(ua(t)) = &

Hence £—1(e




Laplace transform
DIRAC DELTA OPERATOR

Let a > 0. Then the Dirac delta operator is defined by

oo, t=a €
5(ta){ and / o(t—a)dt=1.
0

0, else,

What is L(d(t — a))?.
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Laplace transform
DIRAC DELTA OPERATOR

Let a > 0. Then the Dirac delta operator is defined by

oo, t=a €
it—a)= and / o(t—a)dt=1.
0, else, 0

What is L(d(t — a))?.

Ans: L(6(t—a)) =e %, s> 0.
Hence £~ 1(e72) = §(t — a).
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