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Abstract
The pressure-driven displacement flow of a less viscous fluid initially occupying an axisymmetric pipe by a highly viscous fluid is investigated. The fluids
consist of two species diffusing at different rates. The fluids are assumed to
be Newtonian, incompressible with the same density, but different viscosity
modelled as an exponential function of the concentration of both the species.
A parametric study investigating the effects of diffusivity ratio, log-mobility
ratios of the slower and faster diffusing species and Reynolds number on
the flow dynamics is conducted. Our results demonstrate the presence of
instability patterns due to double-diffusive effect in situations when a less
viscous fluid displaces a highly viscous fluid. These instabilities are qualitatively different from those observed in planar channel. The intensity of
these instabilities increases with increasing the values of diffusivity ratio.
It is demonstrated that a highly viscous stenosis region is created near the
entrance of the pipe due to double-diffusive effect, providing a favourable condition to start the instability. In addition to this, because of double-diffusive
effect locally at some portion of the pipe, the less viscous fluid becomes the
displacing fluid, which promotes the development of instability.
Keywords: Laminar flow, Mixing, CFD, Double-diffusive effect, Instability,
Multiphase flow
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1. Introduction
The viscous fingering phenomenon in the displacement flows of a highly
viscous fluid by a less viscous one has been widely studied in literature due to
its relevance in many industrial applications and natural phenomena [1]. It
is also well known that the opposite situation, wherein a less viscous fluid is
displaced by a highly viscous one is stable [2–6]. However, these conclusions
are only true for “single-component” systems, where viscosity stratification is
achieved by varying one species, say temperature or concentration. Recently,
it was observed that the classically stable viscosity-stratified configurations
in the context of single-component flows become unstable in the presence of
two species having different diffusion constants (say, temperature and salt,
or sugar and salt, etc) in porous media [7], and pressure-driven flows in twodimensional planar channel [8–13]. This phenomenon is commonly known
as “double-diffusive” effect, which has been extensively studied in densitystratified systems (see for example Turner [14]), but has received far less
attention in viscosity-stratified flows. Moreover, to the best of our knowledge, all the previous studies are conducted for planar geometries, although
in most of the industrial applications the geometries are circular in cross
section. The flow dynamics in a circular pipe are very different to
those of the planar channel, as far as the instability and transition to
turbulence are concerned [15]. Thus, the focus of the present study is to
investigate the instability patterns due to the double-diffusion phenomenon
in an axisymmetric pipe. The double-diffusive phenomenon observed
in density-stratified systems in the context of thermohaline convection is briefly discussed below [16].
Imagine in the ocean, a layer of fresh water (lighter) lying above
a layer of salty water (heavier), which is expected to be stable. And
indeed it is, except when another scalar is added in to the system.
Now, the other scalar could be heat (common in the ocean). Now
consider a warm salty layer of water which lies above a cold, fresh
layer, and with a net density less than that of the bottom layer.
This situation at first glance is stable. However, since heat diffuses
away faster, we will soon have a salty layer lying above a fresh
water layer, at nearly the same temperature. This, now, is topheavy and unstable, and fingers of salty water will start descending
into the fresh layer. This is known as fingering instability. Now, let
us consider the reverse, e.g. when the original salty, warmer and
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denser ocean water laying below the cold fresh water from a river.
If a blob of cold fresh water is displaced downwards into the salty
and warmer ocean water, being lighter than its surroundings, it
will feel a buoyancy force pushing it back up, namely a stabilising
effect. However, heat will diffuse away fast, and by the time the
river water comes back to its original place, it will be warmer than
it was before, and so lighter than its surroundings. It will therefore
overshoot its original position, and this happens repeatedly as the
amplitude of the oscillation increases. This is termed the oscillatory
mode of DD instability.
The viscosity-stratified single-component systems have been studied by
many authors [17–26]. Several configurations, such as core-annular, threelayer and displacement flows are considered in these studies. The relevant
finding from these studies are summarized as follows. In three-layer planar
channel flow, decreasing the viscosity towards the wall has a significant stabilising influence. As expected, the stabilising effects accentuated with the
decrease in viscosity contrast of the fluids occupying the near-wall and centreline regions. On the other hand, increasing the viscosity of the fluid toward
the walls destabilises the three-layer channel flow. In such unstable configurations, Sahu et al. [24] found the presence of absolute instability under
certain parameter ranges by conducting a linear stability analysis, which in
turn takes the flow towards a transitional state via nonlinear mechanism. On
the other hand, core-annular pipe flow is different. For higher viscosity ratios, the flow becomes unstable even when the less-viscous fluid is at the wall
[22]. By conducting a linear stability analysis, Govindarajan and co-workers
[10, 27] observed a new instability mode due to double-diffusive phenomenon
in a three-layer planar channel flow with the less viscous fluid occupying the
near wall regions. The mixing in single-component viscosity-stratified
flow in porous media has been investigated by Jha et al. [28, 29].
The readers are referred to the recent review articles [6, 11], which discuss
the instability in viscosity stratified flows.
As the above brief review shows, all the previous work carried out on
double-diffusive effect has so far been for planar channel, although cylindrical
geometries are frequently encountered in industrial applications. The present
study is an extension of Mishra et al. [9] and Sahu [8] to investigate the
double-diffusive effect for displacement flow through an axisymmetric pipe.
Through a series of direct numerical simulations, they investigated
the instabilities due to double-diffusive effect in pressure-driven
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displacement flow of a less viscous fluid by a highly viscous fluid,
which is injected at the inlet of a planar channel. As discussed above
this is a stable configuration in the context of single-component flows. The
effects of diffusivity ratio of the faster and slower diffusing species have been
investigated and various instability patterns were found once the finger
of the highly viscous fluid penetrates inside the channel.
The rest of this paper is organised as follows. The formulation and equations governing the flow are presented in section 2. The results are discussed
in section 3. Concluding remarks are given in section 4.
2. Formulation
We consider pressure-driven displacement flow of one fluid (fluid ‘2’) by
another one (fluid ‘1’) in an axisymmetric pipe of diameter D and length L,
as shown in Fig. 1. Both the fluids have the same density, and are
assumed to be incompressible and Newtonian, with dynamic viscosities µ1
and µ2 , respectively. The viscosity of the invading fluid is higher than that
of the resident fluid (µ1 > µ2 ). This is a stable configuration in the context
of single-component systems [3, 6], as discussed in section 1. Here, the resident (fluid ‘2’) and invading (fluid ‘1’) fluids consist of the same
solvent, but contain two species (S and F ) diffusing at different
rates, wherein S and F represent the slower and faster diffusing
species, respectively. Df and Ds are the diffusivities of the faster and
slower diffusing species, respectively, such that δ = Df /Ds > 1 (by definition). The pipe wall is assumed to be rigid and impermeable, with inlet and
outlet at x = 0 and x = L, respectively. In order to minimise the entry
effects, at the starting of the simulation the invading fluid is filled
upto x = D inside the pipe. The invading fluid (fluid ‘1’ having species
S and F in quantity S1 and F1 ) is injected at the inlet of the pipe with an
average velocity, V (≡ Q/A), where Q and A (≡ πD2 /4) denote the flow rate
and cross-sectional area of the pipe, respectively. The resident fluid (fluid ‘2’
having species S and F in quantity S2 and F2 ) is initially kept stationary
inside the pipe (D ≤ x ≤ L). The length of the pipe is considered to be
100D.
The viscosity, µ is modelled using the following viscosity-concentration
relationship [4, 10, 30, 31] for liquid systems:



 
F − F1
S − S1
+ Rf
,
(1)
µ = µ1 exp Rs
S2 − S1
F2 − F1
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where Rs (≡ (S2 − S1 )d(lnµ)/dS) and Rf (≡ (F2 − F1 )d(lnµ)/dF ) are the
log-mobility ratios of species S and F , respectively. We have used
this viscosity-concentration relationship as the objective of this
study is to compare the flow dynamics with double-diffusive effects
in an axisymmetric pipe with those observed in an two-dimensional
channel [8, 9], where this formulation was used.
An axisymmetric cylindrical coordinate system (r, x) is used to formulate
the problem, where r and x denote the radial and axial coordinates, respectively. The flow dynamics is governed by the continuity and the NavierStokes equations coupled to the convective-diffusion equations of both species
through concentration-dependent viscosity. The following scaling is employed
in order to render the governing equations dimensionless:
De
t, (u, v) = V (e
u, ve), p = ρV 2 pe,
V
S − S1 e F − F1
, f=
,
µ=µ
eµ1 , se =
S2 − S1
F2 − F1

(r, x) = D (e
r, x
e) , t =

(2)

where the tildes designate dimensionless quantities. After dropping tildes,
the dimensionless governing equations are given by
∇ · u = 0,

(3)



∂u
1
+ u · ∇u = −∇p +
∇ · µ(∇u + ∇uT ) ,
∂t
Re
∂s
1
+ u · ∇s =
∇2 s,
∂t
ReSc
δ
∂f
+ u · ∇f =
∇2 f,
∂t
ReSc

(4)
(5)
(6)

where u(u, v) represents axisymmetric velocity field, wherein u and v are the
velocity components in the axial and radial directions, respectively; p denotes
the pressure field; t is the time. Here Re(≡ ρV D/µ1 ) and Sc(≡ µ1 /ρDs )
denote Reynolds number and Schmidt number, respectively.
The dimensionless viscosity has the following dependence on f
and s:
µ = exp (Rs s + Rf f ) ,

(7)

such that Rs + Rf < 0 represents the situation considered here,
where the invading fluid is more viscous than the resident fluid.
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By setting either Rf = 0, or Rs = 0 and δ = 1, we can recover the
governing equations for single component systems.
Eqs. (3)-(7) are solved using no-slip, no-penetration and no-flux
conditions at the pipe wall. A fully-developed velocity profile with
a constant flow rate (ui = (0.25 − r2 )32/π, vi = 0) is imposed at the
inlet, wherein ui and vi denote the axial and radial velocity components at the inlet, respectively. Neumann boundary condition for
pressure is used at the outlet of the pipe.
A finite-volume open source code, Gerris [32, 33] with dynamic adaptive
grid refinement based on the vorticity magnitude and species concentration
is used to solve Eqs. (3)-(6). A finest grid size of 0.015 (approximately) has
been used for the regions which contain gradients of slower or faster diffusing
species. Grids of size 0.06 (approximately) have been used to resolve the
vortical regions inside the domain. We refer the readers to Tripathi et al. [33–
35] for detailed description of the numerical method used in this study. The
present grid size distribution was found to yield grid independent results for
the onset of instability and other flow features. In order to validate our code,
we have simulated displacement of one fluid by another in a two-dimensional
planar channel for the same parameter values considered by Mishra et al. [9].
The spatio-temporal evolution of s contours for three values of δ is presented
in Fig. 2. It can be seen that as expected δ = 1 (single-component) is a
stable configuration, but for δ > 1 the flow becomes unstable forming KelvinHelmholtz (KH) type instabilities at the mixed regions. It is to be seen
that these flow patterns are in agreement with those presented in
Mishra et al. [9]. However, note that fluid ‘2’ was filled completely
inside the channel considered by Mishra et al. [9], whereas in
the present study, we filled fluid ‘2’ in the region H ≤ x ≤ L of
the channel in order to minimise the entry effect, where H is the
height of the channel. Due to this there is a small difference in the
flow patterns observed in the present study with those reported by
Mishra et al. [9]. In addition, the solver has been validated extensively
for several interfacial flow problems [33–35], which have been excluded from
here for brevity.
In the present study, we have extended the work of Sahu and
co-workers [8, 9] to investigate the effects of double diffusion associated with the displacement flow of a less viscous fluid by a highly viscous
one in an axisymmetric pipe. This is a parametrically rich problem, with
several dimensionless numbers, such as Re, Sc, Rs , Rf and δ influencing the
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flow dynamics. The effects of these dimensionless variables are discussed
below.
3. Results and discussion
3.1. Effects of δ
We begin the presentation of our results by investigating the effects of δ
on the flow dynamics in Fig. 3(a)-(d), where spatio-temporal evolution of
s field has been plotted for δ = 1, 2.5, 5, and 10, respectively. The rest of
the parameter values used to generate this figure are Re = 100, Sc = 100,
Rs = 3 and Rf = −3.6. Here Rs + Rf < 0, but Rs > 0 and Rf < 0,
which corresponds to a situation when a highly viscous fluid displaces a less
viscous fluid, and the slower and faster diffusing species have destabilising
and stabilising influences, respectively. For instance, in this case the
slower and faster diffusing species could be sugar and temperature,
respectively. It can be seen that, as expected, for δ = 1 the flow dynamics is
stable, and a “pure-Poiseuille-diffusive” flow occurs as the finger penetrates
inside the pipe. It can be seen that the KH type instabilities appear for
δ > 1. The intensity of instability increases with an increase in the value
of δ. For this set of parameter values, we observe that δ ≈ 2.5
corresponds to the onset for the instability, which can be seen in
the contours of s. Close inspection of Fig. 3(b) reveals that a spike like
structure appears at the tip of the finger at later times (t ≥ 40). For higher
values of δ, the KH type instability becomes catastrophic. Roll-up
structures become apparent at earlier times and have increasingly
greater intensity as time progresses. Comparison of contours of s for
δ = 10 observed in an axisymmetric pipe (Fig. 3(d)) with those seen in
a two-dimensional planar channel (Fig. 2(d)) divulge that the mushroomlike structures which are clearly visible in a planar channel do not appear in
case of axisymmetric pipe, and the intensity of instability is greater for
the case of a two-dimensional planar channel. Also DD convection
affects pipe flow for much smaller value of δ than the channel case.
It can be seen in panel (b) of Figs. 2 and 3 that the flow in a twodimensional channel is fairly stable for δ = 2.5, but the instability
already appears in case of an axisymmetric pipe for the same value
of δ. Close inspection of Figs. 2 and 3 also reveals that the mixing
in a planar channel is dominated by instabilities, where as in a
pipe it is mainly dominated by diffusion mechanism. Inspection
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of results presented Fig. 2 (two-dimensional channel) and Fig. 3
(axisymmetric pipe) reveals that the speed of the finger in a pipe
is higher than that observed in a planar channel for the same set
of parameter values. This is also evident in Fig. 4, where the time
evolution of location of the tip of the finger in a two-dimensional
channel and an axisymmetric pipe are presented for different values
of δ. We also observed in Fig. 4 that increasing δ increases the
speed of the finger for both the channel and pipe cases.
The spatio-temporal evolution of viscosity field for different values of δ
is presented in Fig. 5 for the same parameter values used to generate Fig.
3. For δ = 1, the viscosity in the mixed region decreases monotonically
in the positive axial direction, whereas for δ > 1 the viscosity undergoes a
non-monotonic distribution in the axial direction due to the double-diffusive
effect. In addition to this, for δ > 1 a highly viscous stenosis region forms
near the wall of the pipe. The value of viscosity of the fluid in the stenosis
region increases with an increase in the value of δ. This phenomenon was
first observed by Taylor [36] for single-component flows. The non-monotonic
viscosity distribution in the axial direction and the highly viscous stenosis
formation near the wall of the pipe provide a favourable condition for the
instability to grow [6], leading to the amplification of instabilities for
increasing values of δ.
The radial variation of viscosity at a later dimensionless time (t = 50)
for different axial locations are plotted in Fig. 6(a)-(d) for δ = 1, 2.5, 5, and
10, respectively. It can be seen that a core-annular configuration is formed
with the less viscous fluid in the annular region for δ = 1. The viscosity in
this case decreases monotonically in the radial direction at all x locations.
This is a stable configuration, as shown by Govindarajan and co-workers via
linear stability analyses [6, 17]. For δ > 1 the viscosity profiles encounter
minima at intermediate radial locations (in the mixed region) for all axial
locations, with the annular region occupied with highly viscous fluid, thus
making the flow unstable. Close inspection of Fig. 6(b)-(d) also reveals that
the value of the near-wall viscosity increases with an increase in δ value,
thereby making the flow more unstable. The effect of the log-mobility
ratio of the slower diffusing species, Rs is investigated next.
3.2. Effects of Rs
The spatio-temporal evolutions of the concentration field of the slower
diffusing species are presented for Rs = 0.5, 1.5, 2 and 3 in Fig. 7(a), (b),
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(c) and (d), respectively. The rest of the parameter values are Re = 100,
Sc = 100, δ = 10 and Rf = −3.6. Again the slower and faster diffusing
species have destabilising and stabilising influences, respectively. In addition
to this, Rs + Rf < 0, thus a highly viscous fluid is displacing a less viscous
one inside the pipe. For Rs = 0.5, the viscosity of the invading fluid is
approximately 22.2 times higher than that of the resident fluid. The value of
δ (δ = 10) considered in this case is not high enough to create instabilities.
In this case, a finger with a ‘blunt’ nose penetrates inside the pipe as the
time progresses. With an increase in the value of Rs , the viscosity ratios
between the invading and resident fluids decreases. For Rs = 1.5, the nose of
the finger becomes sharper, and the onset of instabilities occurs at Rs = 1.5
for the set of parameter values considered. Further increase in the value of
Rs leads to KH type instabilities at the mixed region separating the fluids.
This behaviour is also evident in Figs. 8 and 9. The appearance of highly
viscous stenosis region near the wall, which is the source for these instabilities
is not significant enough for Rs = 0.5, but starts to dominate the instability
dynamics for Rs ≥ 1.5 for this set of parameter values.
The axially averaged viscosity (µx ) versus r, and radially averaged viscosity (µr ) versus x profiles are plotted at t = 30 in Fig. 9(a) and (b),
respectively. It can be seen in Fig. 9(a) that for Rs ≥ 1.5, the dynamics due
to the double-diffusive effect creates a core-annular configuration, with highly
viscous fluid in the annular region. The non-monotonic trend of the radially
averaged viscosity profiles are also apparent for Rs ≥ 1.5 in Fig. 9(b), which
implies that although initially a highly viscous fluid was displacing a less
viscous fluid, at later times due to the double-diffusive effects a situation is
created locally, wherein a less viscous fluid displaces a highly viscous one.
This phenomenon makes the flow unstable [3].
3.3. Effects of Rf
We then investigate the effects of changes to the log-mobility
ratio of the faster diffusing species. In Fig. 9(a), (b) and (c),
we plot the spatio-temporal evolution of s for Rf = -1, -3 and -5
respectively. The rest of the parameter values are Re = 100, Sc = 100, δ =
10 and Rs = 2. The results presented in Fig. 9(a) are characteristic
of a situation when a less viscous fluid displaces a highly viscous fluid
occupying the pipe initially (i.e. Rs + Rf > 0; unstable configuration even
for single-component systems). It can be seen that a cap-type instability
appears at the tip of the finger, with a ‘blunt’ nose. The results presented
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in Fig. 10(b) and (c) are stable in the context of single-component systems;
however, become unstable due to differential diffusivity of the slower and
faster diffusing species (δ = 10). Decreasing the value of Rf by keeping Rs
constant decreases the double-diffusive instability. It can be seen in Fig.
10(a) that, for t=30, the viscosity contrast of the annular to the
core fluids decreases with Rf . Such effect was also observed for
all later times considered (not shown). Also the peak of the radially
averaged viscosity near the entrance region decreases with a reduction in the
value of Rf , and thereby stabilising the flow dynamics.
3.4. Effects of Re
Finally, in Fig. 12, the effects of Re are shown for Sc = 100, δ = 10,
Rs = 3, and Rf = −3.6. It can be seen that flow becomes vigorously unstable
with an increase in the value of Re. This behaviour is not surprising as
the destabilising behaviour of Reynolds number can be observed
in many shear flows. Close inspection of this figure also reveals
that the nose of the finger becomes increasingly sharp as Re is increased, but surprisingly becomes blunt for Re = 1000. Increasing
Reynolds number by keeping the Schmidt number fixed also implies that the Péclet number (ReSc), which characterises diffusion,
is increased. It can be seen in Fig. 12 that the mixing due to diffusion decreases with an increase in the value of Re, which increases
(decreases) the Péclet number (diffusive mixing). Comparison of
the spatio-temporal variation of s contours shown in Fig. 12 for
an axisymmetric pipe with those of Mishra et al. [9] for a twodimensional channel reveals that the present flow is more unstable
than that observed in a channel.
4. Concluding remarks
In this paper, the pressure-driven displacement flow, focusing on the situation when the invading fluid is more viscous than the resident fluid (classically a stable configuration in the context of single-component systems),
is investigated in an axisymmetric pipe, using an open source code, Gerris
based on finite-volume approach. The fluids considered in the present study
have the same density, but different viscosity. The viscosity stratification is
achieved through the addition of two solute species diffusing at different rates.
The viscosity is modelled as an exponential function of the concentration of
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both the species. An extensive parametric study has been conducted, and
the influences of diffusivity ratio, log-mobility ratios of the slower and faster
diffusing species, and Reynolds number on the flow dynamics have been investigated. Our results demonstrate the presence of instability patterns due
to double-diffusive effect, which are qualitatively different from those observed in a planar channel and also in situations when a less viscous fluid
displaces a highly viscous fluid. We found that increasing the values of δ and
Rs , keeping Rf fixed, makes the flow increasingly unstable. Similar trend
is observed when the Reynolds number is increased. We observe a ‘blunt’
nose of the penetrating finger for lower value of Rs , which becomes sharper
with increasing Rs value. It is demonstrated that although initially a highly
viscous fluid displaces a less viscous one, at later times, a local situation is
created due to the double-diffusive phenomenon, wherein less viscous fluid
becomes the displacing fluid. Also, at later times, the viscosity of the fluid
in annular region becomes more viscous as compared to that in the core of
the pipe, which starts the instability observed in the present study.
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List of figures
Fig. 1: The schematic (not to scale) showing the initial flow configuration.
The portions of the pipe 0 ≤ x ≤ D and D ≤ x ≤ L are filled with fluid ‘1’
and fluid ‘2’, respectively. The aspect ratio of the pipe, L/D is 100.
Fig. 2: Spatio-temporal evolution of the concentration field of
species s at different times in a two-dimensional planar channel
(from top to bottom, t = 20, 40, 50 and 75) for (a) δ = 1, (b) δ = 2.5,
(c) δ = 5 and (d) δ = 10. The rest of the parameter values are
Re = 100, Sc = 100, Rs = 3 and Rf = −3.6. The flow dynamics obtained using the present solver is very similar to those observed in
Mishra et al. [9].
Fig. 3: Spatio-temporal evolution of the concentration field of species s
at successive times (from top to bottom, t = 20, 40, 50 and 75) for (a) δ = 1,
(b) δ = 2.5, (c ) δ = 5 and (d) δ = 10. The rest of the parameter values are
Re = 100, Sc = 100, Rs = 3 and Rf = −3.6. The centerline of the pipe
is located at the middle of each panel.
Fig. 4: The temporal evolution of the position of the leading front
separating the two fluids, xtip for different values of δ: Dashed lines:
two dimensional channel, solid lines: axisymmetric pipe. The rest
of the parameter values are the same as those used to generate Fig.
3. The dashed and solid lines without symbols represent analytical
solutions obtained assuming a plug flow displacement in the twodimensional channel and the axisymmetric pipe, respectively.
Fig. 5: Spatio-temporal evolution of the viscosity field at successive times
(from top to bottom, t = 20, 40, 50 and 75) for (a) δ = 1, (b) δ = 2.5,
(c) δ = 5 and (d) δ = 10. The rest of the parameter values are Re = 100,
Sc = 100, Rs = 3 and Rf = −3.6. The centerline of the pipe is located
at the middle of each panel.
Fig. 6: Variation of viscosity at t = 50 in the radial direction at different axial locations for (a) δ = 1, (b) δ = 2.5, (c ) δ = 5 and (d) δ = 10. The
rest of the parameter values are Re = 100, Sc = 100, Rs = 3 and Rf = −3.6.
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Fig. 7: Spatio-temporal evolution of the concentration field of species s
at successive times (from top to bottom, t = 20, 40, 50 and 75) for (a)
Rs = 0.5, (b) Rs = 1.5, (c)Rs = 2 and (d) Rs = 3. The rest of the parameter
values are Re = 100, Sc = 100, δ = 10 and Rf = −3.6. The centerline of
the pipe is located at the middle of each panel.
Fig. 8: Spatio-temporal evolution of the viscosity field at successive times
(from top to bottom, t = 20, 40, 50 and 75) for for (a) Rs = 0.5, (b) Rs = 1.5,
(c)Rs = 2 and (d) Rs = 3. The rest of the parameter values are Re = 100,
Sc = 100, δ = 10 and Rf = −3.6. The centerline of the pipe is located
at the middle of each panel.
R L/D
µdx)
Fig 9: Variation of (a) axially averaged viscosity (µx ≡ D
L
0
R D/2
8
versus r, (b) radially averaged viscosity (µr ≡ D2 0 µrdr) versus x
for different values of Rs , at t = 30 for Re = 100, Sc = 100, δ = 10 and
Rf = −3.6.
Fig. 10: Spatio-temporal evolution of the concentration field of species s
at successive times (from top to bottom, t = 20, 40, 50 and 75) for (a)
Rf = −1, (b) Rf = −3 and (c) Rf = −5. The rest of the parameter values
are Re = 100, Sc = 100, δ = 10 and Rs = 2. The centerline of the pipe
is located at the middle of each panel.
R L/D
µdx)
Fig. 11: Variation of (a) axially averaged viscosity (µx ≡ D
L 0
R D/2
8
versus r, (b) radially averaged viscosity (µr ≡ D2 0 µrdr) versus x
for different values of Rf , at t = 30 for Re = 100, Sc = 100, δ = 10 and
Rs = 2.
Fig. 12: Spatio-temporal evolution of the concentration field of species s
at successive times (from top to bottom, t = 20, 40, 50 and 75) for (a)
Re = 50, (b) Re = 500 and (c) Re = 1000. The rest of the parameter values
are Sc = 100, δ = 10, Rs = 3, and Rf = −3.6. The centerline of the pipe
is located at the middle of each panel.
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Fluid 2
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Figure 1: The schematic (not to scale) showing the initial flow configuration.
The portions of the pipe 0 ≤ x ≤ D and D ≤ x ≤ L are filled with fluid ‘1’ and
fluid ‘2’, respectively. The aspect ratio of the pipe, L/D is 100.
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(a)

(b)

(c)

(d)

Figure 2: Spatio-temporal evolution of the concentration field of species s at
different times in a two-dimensional planar channel (from top to bottom, t = 20,
40, 50 and 75) for (a) δ = 1, (b) δ = 2.5, (c) δ = 5 and (d) δ = 10. The rest of
the parameter values are Re = 100, Sc = 100, Rs = 3 and Rf = −3.6. The flow
dynamics obtained using the present solver is very similar to those observed
in Mishra et al. [9].
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(c)
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Figure 3: Spatio-temporal evolution of the concentration field of species s at successive
times (from top to bottom, t = 20, 40, 50 and 75) for (a) δ = 1, (b) δ = 2.5, (c ) δ = 5
and (d) δ = 10. The rest of the parameter values are Re = 100, Sc = 100, Rs = 3 and
Rf = −3.6. The centerline of the pipe is located at the middle of each panel.
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Figure 4: The temporal evolution of the position of the leading front separating
the two fluids, xtip for different values of δ: Dashed lines: two dimensional
channel, solid lines: axisymmetric pipe. The rest of the parameter values are
the same as those used to generate Fig. 3. The dashed and solid lines without
symbols represent analytical solutions obtained assuming a plug flow displacement in the two-dimensional channel and the axisymmetric pipe, respectively.
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Figure 5: Spatio-temporal evolution of the viscosity field at successive times (from top to
bottom, t = 20, 40, 50 and 75) for (a) δ = 1, (b) δ = 2.5, (c ) δ = 5 and (d) δ = 10.
The rest of the parameter values are Re = 100, Sc = 100, Rs = 3 and Rf = −3.6. The
centerline of the pipe is located at the middle of each panel.
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Figure 6: Variation of viscosity at t = 50 in the radial direction at different axial locations
for (a) δ = 1, (b) δ = 2.5, (c ) δ = 5 and (d) δ = 10. The rest of the parameter values are
Re = 100, Sc = 100, Rs = 3 and Rf = −3.6.
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Figure 7: Spatio-temporal evolution of the concentration field of species s at successive
times (from top to bottom, t = 20, 40, 50 and 75) for (a) Rs = 0.5, (b) Rs = 1.5, (c)Rs = 2
and (d) Rs = 3. The rest of the parameter values are Re = 100, Sc = 100, δ = 10 and
Rf = −3.6. The centerline of the pipe is located at the middle of each panel.
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Figure 8: Spatio-temporal evolution of the viscosity field at successive times (from top to
bottom, t = 20, 40, 50 and 75) for for (a) Rs = 0.5, (b) Rs = 1.5, (c)Rs = 2 and (d)
Rs = 3. The rest of the parameter values are Re = 100, Sc = 100, δ = 10 and Rf = −3.6.
The centerline of the pipe is located at the middle of each panel.

24

(a)

(b)

2

2.5

Rs = 0.5
1.5
2
3

1.6

1.2

Rs = 0.5
1.5
2
3

2

1.5

µx

µr
0.8

1

0.4

0.5

0
0

0.1

0.2

r

0.3

0.4

0
0

0.5

20

40

x

60

80

100

R L/D
Figure 9: Variation of (a) axially averaged viscosity (µx ≡ D
µdx) versus r,
L 0
R D/2
8
(b) radially averaged viscosity (µr ≡ D2 0 µrdr) versus x for different values
of Rs , at t = 30 for Re = 100, Sc = 100, δ = 10 and Rf = −3.6.
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Figure 10: Spatio-temporal evolution of the concentration field of species s at successive
times (from top to bottom, t = 20, 40, 50 and 75) for (a) Rf = −1, (b) Rf = −3 and (c)
Rf = −5. The rest of the parameter values are Re = 100, Sc = 100, δ = 10 and Rs = 2.
The centerline of the pipe is located at the middle of each panel.
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Figure 11: Variation of (a) axially averaged viscosity (µx ≡ D
µdx) versus r,
L 0
R D/2
8
(b) radially averaged viscosity (µr ≡ D2 0 µrdr) versus x for different values
of Rf , at t = 30 for Re = 100, Sc = 100, δ = 10 and Rs = 2.
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Figure 12: Spatio-temporal evolution of the concentration field of species s at successive
times (from top to bottom, t = 20, 40, 50 and 75) for (a) Re = 50, (b) Re = 500 and
(c) Re = 1000. The rest of the parameter values are Sc = 100, δ = 10, Rs = 3, and
Rf = −3.6. The centerline of the pipe is located at the middle of each panel.

28

