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Abstract Two-fluid, stratified pressure-driven channel flow is studied in the limit of small viscosity ratios. Cases
are considered in which the core fluid undergoes phase separation that results in the ‘precipitation’ of a distinct
phase and the formation of a wall layer; these situations are common in the oil industry where ‘fouling’ deposits are
formed during the flow. The thickness of this layer increases as a result of continual deposition through Stefan-like
fluxes, which are related to the phase behaviour of the core fluid through a chemical equilibria model that treats the
fluid as a bi-component mixture. The deposit also undergoes an ‘ageing’ process whereby its viscosity increases
due to the build-up of internal structure; the latter is modelled here via a Coussot-type relation. Lubrication theory
is used in the wall layer and an integral balance in the core fluid wherein inertial effects are important. By choos-
ing appropriate semi-parabolic velocity and temperatures closures for the laminar flow in the channel core, and a
closure relation for the wall layer rheology, evolution equations are derived that describe the flow dynamics. In the
presence of ageing but absence of deposition, it is demonstrated how the time-varying deposit rheology alters the
wave dynamics; for certain parameter ranges, these effects can give rise to the formation of steep waves and what
appears to be finite-time ‘blow-up’. With both ageing and deposition, the spatio-temporal evolution of the deposit
is shown together with the increase in the deposition rate with increasing temperature difference between the wall
and the inlet.

Keywords Complex rheology · Fouling · Nonlinear waves · Thin films

1 Introduction

The dynamics of thin films has attracted a great deal of attention in the literature due to its importance in many
industrial applications. These applications range from coating-flow technology [1], chemical-engineering unit oper-
ations such as distillation, condensers and heat exchangers, as well as microfluidics [2,3]. Thin-film flows also have
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110 D. Sileri et al.

applications in biophysical and biomedical settings such as pulmonary flows, involving the delivery of surfactant
to the lung airways [4,5], tear-film rupture [6], and bio-adhesion [7].

There has been a large number of studies involving thin films over the last three decades, which have focussed on
a variety of effects. These include intermolecular forces, capillarity, thermocapillarity, gravity, centrifugation, and
electrostatics, and have accounted for the presence of chemical additives, evaporation and condensation, flow over
structured, flexible, and porous media, with moving contact lines. Methods ranging from asymptotic techniques to
full-scale numerical simulations, and small- and large-scale experiments have been employed in investigating thin
films and elucidating a variety of phenomena and instabilities which include wave-formation, dewetting, rupture,
and fingering. Thin-film research has also been covered by a number of major reviews [8–10] which highlight the
important contributions to this area. Yet, in spite of the large amount of research conducted on thin films, problems
involving two-fluid thin-film flows with phase changes leading to deposition and complex, time-varying rheology
have not received much attention; this is the subject of the present paper.

We consider the case of pressure-driven flow in a horizontal, rectangular channel where a fluid undergoes phase
separation as a result of temperature variations, which results in the formation of a wall layer. Such problems arise
in applications involving the deposition of asphaltenic phases on the walls of heat-exchanger units in crude-oil
distillation refineries [11,12]. This is a rather complex process, which depends on the fluids being processed, the
operating conditions, the heat-exchanger metallurgies and their configurations. The fluids, which correspond to
mixtures of crude oils, comprise many hundreds of constituents that include base hydrocarbons (aliphatics, aro-
matics, resins, asphaltenes, etc.), hetero-atoms, metals, aqueous components, particulates and dissolved gases. All
these factors influence the chemistry, physics, thermodynamics and hydrodynamics of fluid-surface interactions
under aggressive operating conditions. In the early stages of crude-oil fouling, a ‘gel-like’ layer is first formed
on the wall surface which then undergoes sharp changes in its rheology due to thermal, chemical and physico-
chemical factors, causing it to harden, complicating its removal. The interaction between this layer and a fast-
flowing layer of lower viscosity overlying it, in the presence of the afore-mentioned complexities, will be studied
here.

The deposited wall layer is treated as a distinct phase whose thickness increases through continual deposition.
This phase also undergoes a process of ‘ageing’, which may be due to a ‘jamming’ transition [13,14] of the par-
ticulate phase confined within the deposit leading to structure-building in the deposit, referred to in this paper as
‘structuration’ [14]; this structure must be broken in order for the material to flow. In order to represent ‘ageing’
effects on the deposit dynamics, we make use of a Coussot-type relation [15,16] that describes the evolution of the
deposit rheology in terms of a competition between structuration and de-structuration, the latter being due to flow.
This relation is an example of the simplest model that accounts for the jamming transition through temporal evolu-
tion of the deposit viscosity, which is based on thixotropic ideas [17,18]. Using this relation, it is possible to model
the transition from a liquid-like to solid-like behaviour, incorporating both gradual and apparently catastrophically
fast variations.

The deposition processes is modelled using a Stefan-like flux, which is linked to the thermodynamics underlying
the phase separation process. In the present paper, this was based on a model for wax deposition in oil pipelines [19],
which treats the oil flowing through the pipelines as a three-phase (vapour, liquid and solid) mixture of n hydro-
carbon components. This model was selected since it provides a general framework for predicting the deposition
of each of the n components through a phase transition, which ultimately depends on the local temperature field;
the latter is coupled to the flow field through the energy conservation equation. Here, we consider a bi-component
mixture for illustrative purposes.

We also use asymptotic reduction and integral theory, in conjunction with appropriate closure relations, in order
to simplify the governing equations of mass, momentum and energy conservation and derive a set of evolution
equations that describe the flow. This approach is common in modelling the hydrodynamics of thin films falling
under the action of gravity or flowing over rapidly rotating surfaces [10], [20–24] and for two-layer channel flows
[25]. It has also been used to model heated and reactive falling films [26,27]. This approach is a combination
of boundary-layer theory and the Kármán–Pohlhausen averaging method [20,28], where the pressure is due to
capillarity. Methods based on this approach require closure relations for the velocity, the most common of which
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Two-fluid channel flow with wall deposition and ageing 111

Fig. 1 Schematic of the
two-fluid channel flow

correspond to semi-parabolic distributions that satisfy no-slip at the underlying wall and the shear-stress condition
at the interface [20]. For non-isothermal problems, closures for the temperature field are also required, which are
chosen to satisfy the boundary conditions at the wall and interface identically in some cases [27], and as part of the
averaging procedure in others [23]. These approaches have been successful in capturing both the qualitative and,
often quantitative, features of the interfacial waves formed, and have led to predictions which are in good agreement
with experimental data [20,22,29]. In the present problem, closure relations are also required for the variable that
parameterises the degree of structuration in the deposit.

We carry out a parametric study to elucidate the effect of ageing and deposition on the interfacial dynamics. For
the case of ageing and no-deposition, we demonstrate that for certain parameter ranges, rapid ageing of the deposit
can lead to the formation of steep waves and what appears to be finite-time ‘blow-up’ in the deposit thickness. In
the presence of both ageing and deposition, we show the spatio-temporal evolution of the deposit and the rise in the
deposition rate with temperature difference between the wall and the inlet.

The rest of this paper is organised as follows. In Sect. 2, we present a problem formulation, which leads to the
derivation of the evolution equations governing the flow dynamics; details of the wall-deposition model are also
provided. The results of our numerical simulations are presented in Sect. 3, and concluding remarks are provided
in Sect. 4.

2 Problem formulation

2.1 Governing equations

We examine the dynamics of a two-dimensional, pressure-driven laminar two-fluid flow in a horizontal chan-
nel of height 2H and length L , as shown in Fig. 1. We assume the flow to be symmetric about the channel
centerline and consider the case wherein a fast-moving core fluid flows past a much more viscous wall layer.
Both layers are considered to be incompressible and the mechanism underlying the formation of the wall layer
will be discussed below. We use a Cartesian coordinate system (x, z) to describe the dynamics where x and
z denote the horizontal and vertical coordinates, respectively. The channel walls and interfaces are located at
z = (0, 2H) and z = (h(x, t), 2H − h(x, t)), respectively, where t denotes time. Due to the symmetry condi-
tion, which will be imposed at z = H , we will only consider the region 0 ≤ z ≤ H . The channel walls will be
considered smooth, rigid and impermeable and at a higher temperature than both that of the core fluid and wall
layer.

For each fluid, conservation of mass, momentum and energy equations with appropriate boundary condi-
tion at the domain borders and interface are considered. For the core fluid, these equations are, respectively,
expressed by
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ux + wz = 0, (1)

ρ(ut + uux + wuz) = −px + μ(uxx + uzz), (2)

ρ(wt + uwx + wwz) = −pz + μ(wxx + wzz), (3)

ρC p(Tt + uTx + wTz) = κ(Txx + Tzz) + μ
(

2
[
u2

x + w2
z

]
+ [

uz + wx
]2)

, (4)

where u, w, p, T, ρ, μ, C p , and κ represent the horizontal and vertical components of the velocity, the pressure,
temperature, density, viscosity, specific heat capacity at constant pressure, and the thermal conductivity, respectively.
Here, we have neglected gravity and the effects of temperature on ρ,μ, C p , and κ of the core fluid.

We suppose that the core fluid corresponds to a mixture of physically- and chemically-distinct components. Each
one of these components is defined by its weight fraction, precipitation enthalpy, �Hpi , and precipitation point
temperature, Tpi , which are input parameters. If T > Tpi for a component i , then it will precipitate out of the core
‘solution’ creating a ‘solid’ phase and a mass flux, J , that depends on the local temperature gradient in the core
fluid. A thermodynamic chemical equilibria model, described in Appendix, allows us to calculate the ratio between
the ‘solid’ and liquid phases for each component in the core. The problem under consideration in the present work
involves the continual deposition of the ‘solid’ phase at the wall to form the film, whose rheology will be described
by (8); we focus below on the case of a bi-component mixture.

Using the chemical equilibria model, an estimate of the Stefan-like deposition flux, J , is obtained starting from
Fick’s law:

J = Dsρ
η

T
Tn = Dsρ

[
η

T

(Tz − hx Tx )(
1 + h2

x

)1/2

]

z=h

, (5)

where Ds is a diffusion coefficient and details of η, along with the derivation of J , are given in Appendix. Equa-
tion (5) represents the diffusive flux that arises as a result of phase separation, which results in the formation of
a wall deposit. Note that Tn represents the normal derivative of the temperature. The flux J will feature in the
interfacial boundary conditions which will be discussed below.

We will consider situations in which the wall layer undergoes an ‘ageing’ process. A rheological model has been
adopted to take into account the variation of viscosity which depends on the flow history [15,16]:

μ f = τ

γ̇
= μ0(1 + λn). (6)

Here, the apparent viscosity of the wall layer, μ f , is the ratio of shear stress, τ , to the second invariant of the rate
of strain tensor given by

γ̇ =
{

1

2

[
4
(
u fx

)2 + 4
(
w fz

)2 + 2
(
w fx + u fz

)2]}
1
2

, (7)

where λ is the so-called structure parameter, μ0 and n are fluid parameters; the subscript ‘f’ will be used below to
designate quantities associated with the wall layer. We adopt the following form for the equation that governs the
evolution of the structure parameter [14,16]

λt = 1

	
− αλ |γ̇ | , (8)

in which α is a function of material characteristics and 	 is a characteristic time of ‘restructuration’ of the wall layer
material. This layer will be referred to henceforth as the ‘film’. Equation (8) is the simplest model that accounts
for the temporal evolution of the deposit viscosity [17,18] allowing us to model the transition from liquid-like to
solid-like behaviour either gradually or abruptly via variations of the parameters n, α and θ .

The mass, momentum and energy-conservation equations for the film are then, respectively, expressed by

u f x + w f z = 0, (9)

ρ f (u f t + u f u f x + w f u f z) = −p f x + 2
[
μ f u f x

]
x + [

μ f
(
u f z + w f x

)]
z , (10)

ρ f (w f t + u f w f x + w f w f z) = −p f z + [
μ f

(
u f z + w f x

)]
x + 2

[
μ f w f z

]
z , (11)

ρ f C p f (T f t + u f T f x + w f T f z) = κ f (T f xx + T f zz) + μ f

[
2
(

u2
f x + w2

f z

)
+ (

u f z + w f x
)2]

. (12)
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2.2 Boundary conditions

The above governing equations are solved subject to the boundary conditions outlined below. We impose symmetry
conditions at the channel centreline, z = H , which are expressed as follows:

uz = w = Tz = 0. (13)

We introduce boundary conditions, which have previously been used in the literature to model flows involving
phase changes [8,10], [30–32]. We use a Stefan condition at the interface in order to relate the mass flux, J , to the
difference in the velocity of the fluids on either side of the interface to that of the interface:

(u − u f )hx − (w − w f ) = J

(
1

ρ f
− 1

ρ

)
. (14)

We also impose a jump condition for the energy at z = h(x, t)

1

2
J 3

(
1

ρ2 − 1

ρ2
f

)
+ κ f

⎛
⎝−T fx hx + T fz(

1 + h2
x

) 1
2

⎞
⎠− κ

⎛
⎝−Tx hx + Tz
(
1 + h2

x

) 1
2

⎞
⎠

+J
2μ f

ρ f

[
w fz + u fx h2

x − hx (u fz + w fx )(
1 + h2

x

)
]

− J
2μ

ρ

[
wz + ux h2

x − hx (uz + wx )(
1 + h2

x

)
]

= 0, (15)

and an interfacial no-slip condition:

(u f − u) + (w f − w)hx = 0. (16)

Normal-stress and tangential-stress conditions are imposed at z = h(x, t), respectively, given by

p − p f + J
(
1 + h2

x

) 1
2

[w f − w − hx (u f − u)] + 2μ f(
1 + h2

x

)
[
w f z − u f x h2

x − hx (u f z + w f x )
]

− 2μ(
1 + h2

x

)
[
wz + ux h2

x − hx (uz + wx )
]

= σhxx
(
1 + h2

x

) 3
2

, (17)

μ
[
(uz + wx )

(
1 − h2

x

)
+ 2hx (wz − ux )

]
− μ f

[
(u f z + w f x )

(
1 − h2

x

)
+ 2hx (w f z − u f x )

]
= (σx + hxσz)

(
1 + h2

x

) 1
2

.

(18)

We also impose a kinematic boundary condition at the interface which, after making use of (14), becomes

(ht + u f hx − w f )
(
1 + h2

x

) 1
2

+ J

ρ f
= 0 or

(ht + uhx − w)
(
1 + h2

x

) 1
2

+ J

ρ
= 0. (19)

Finally, continuity of the temperature at z = h(x, t) is also imposed. In the above conditions, σ is the interfacial
tension, which depends on the temperature through the following linear relation σ = [

σw − γ (T − Tw)
]

in which
σw denotes the interfacial tension at the wall, Tw.

In addition to the above interfacial conditions, we also impose no-slip and no-penetration conditions at z = 0,

u f = w f = 0, (20)

and take the wall to be highly conducting:

T f = Tw. (21)

It is straightforward to extend the model to account for finite wall conductivity and finite wall thickness. We turn
our attention to the scaling next.
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2.3 Scalings

The above equations and boundary conditions are rendered dimensionless using the following scaling:

x = Lx̄, (z, h) = H(z̄, h̄), (w,w f ) = εV (w, w̄ f ), t = L

V
t̄, σ = σwσ̄ , (p, p f ) = μV L

H2 ( p̄, p̄ f ),

J = ερV J̄ , (T, T f ) = (Tw − Tin) (T̄ , T̄ f ) + Tin, 	 = 	̄
L

V
, (22)

where overbars denote dimensionless quantities. Here, Tin is the temperature of the core fluid at the channel inlet,
while V is the superficial velocity of the core fluid, and L is a characteristic length scale of an emergent coherent
wave structure. The parameter ε ≡ H/L � 1 is the aspect ratio of the coherent structure, assumed to be small and
will be used as the basis for the perturbation expansion leading to the asymptotic reduction that will be carried out
below [10]. Inserting this scaling into the system of equations in the previous sub-section yields (after dropping the
bars)

ux + wz = 0, (23)

εRe(ut + uux + wuz) = −px + ε2uxx + uzz, (24)

εRe(wt + uwx + wwz) = − pz

ε2 + ε2wxx + wzz, (25)

εRe Pr(Tt + uTx + wTz) = ε2Txx + Tzz + ε2Br

[
2
(
u2

x + w2
z

)+
(uz

ε
+ εwx

)2
]

, (26)

u fx + w fz = 0, (27)
εmRe

rd
(u ft + u f u fx + w f u fz ) = −mp fx + 2ε2 [(1 + λn)u fx

]
x +

[
(1 + λn)(u fz + ε2w fx )

]
z
, (28)

εmRe

rd
(w ft + u f w fx + w f w fz ) = − m

ε2 p fz +
[
(1 + λn)

(
u fz + ε2w fx

)]
x

+ 2ε2 [(1 + λn)w fz

]
z , (29)

εrk

rdrCp
Re Pr(T ft +u f T fx +w f T fz ) = ε2T fxx +T fzz +

ε2rkBr

m
(1+λn)

[
2
(
u2

f x
+w2

fz

)+
(u fz

ε
+εw fx

)2
]

, (30)

λt = 1

	
− αλ

∣∣u fz

∣∣
ε

. (31)

The dimensionless interfacial conditions become

ε
(
u − u f

)− ε
(
w − w f

) = J̄ (rd − 1) , (32)

1

2
ReBr J 3 (1 − rd) + 1

rk

⎛
⎝+T fz − ε2T fx hx

(
1 + ε2h2

x

) 1
2

⎞
⎠−

⎛
⎝+Tz − ε2Tx hx
(
1 + ε2h2

x

) 1
2

⎞
⎠

+2JBr

[
rdε

m

(
1 + λn)

[
w fz + εu fx h2

x − hx
(
u fz + ε2w fx

)]
(
1 + ε2h2

x

) −
[
wz + εux h2

x − hx
(
uz + ε2wx

)]
(
1 + ε2h2

x

)
]

, (33)

(
u f − u

)− ε2 (w f − w
)

hx = 0, (34)

p − p f + ε2ReJ
(
1 + h2

x

) 1
2

[w f − w − hx (u f − u)] + 2ε2(1 + λn)

m
(
1 + h2

x

)
[
w fz − hx u fz + ε2(u fx h2

x − hxw fx

)]

− 2ε2
(
1 + h2

x

)
[
wz − hx uz + ε2(ux h2

x − hxwx
)] = ε3

Ca

hxx
(
1 + h2

x

) 3
2

[
1 − γ (T − 1)

]
, (35)

(
uz + ε2wx

)(
1 − ε2h2

x

)+ 2ε2hx (wz − ux ) − (1 + λn)

m

(
u fz + ε2w fx

)(
1 − ε2h2

x

)+ 2ε2hx (w fz − u fx )

= −ε
(
1 + ε2h2

x

) 1
2

Ca

[
γ (Tx + hx Tz)

]
, (36)
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ε(ht + u f hx − w f )
(
1 + ε2h2

x

) 1
2

+ rd J = 0, or
ε(ht + uhx − w)
(
1 + ε2h2

x

) 1
2

+ J = 0, (37)

T = T f . (38)

The symmetry conditions at the centreline, and the no-slip and no-penetration conditions at the channel wall
remain unaltered. The temperature condition at the wall becomes

T f = 1. (39)

The dimensionless flux, J , is given by

J = 1

Pe

[
η

(T + �)
Tz

]

z=h
, (40)

in which η is given in Appendix and � ≡ Tin
�T wherein �T ≡ Tw − Tin.

In the above equations and boundary conditions, the following dimensionless parameters have been introduced:

Re ≡ ρV H

μ
, Pr ≡ CPbμ

λ
, Pe ≡ LV

Ds
, Br ≡ μV 2

k�T
, (41)

where Re, Pr and Br, are the Reynolds, Prandtl, and Brinkman numbers. In addition, we introduce the following
ratios:

m ≡ μ

μ0
, rd ≡ ρ

ρ f
, rCp ≡ CP

CP f
, rκ ≡ κ

κ f
. (42)

2.4 Rescaling

We now consider situations in which there is a large disparity between the viscosities of the core fluid and wall
layer, so that m � 1. This is consistent with the motivating engineering application mentioned in the Introduction,
crude-oil fouling, wherein the foulant corresponds to a highly viscous wall layer. We exploit this feature of the flow
in order to simplify the governing equations and boundary conditions by introducing the following rescalings [25]

(u f , w f ) = m(ũ f , w̃ f ), t = t̃

m
, Re = R̃e

ε
, Ca = ε3C̃a, Pe = P̃e

ε
, 	 = 	̃

m
, α = εα̃. (43)

The dimensionless leading-order equations then reduce to

ux + wz = 0, Re(uux + wuz) = −px + uzz + O(ε), pz = 0 + O(ε), (44)

RePr(uTx + wTz) = Tzz + O(ε), (45)

u fx + w fz = 0, p fx = [
(1 + λn)u fz

]
z + O(ε2), p fz = 0 + O(ε2), (46)

T fzz = 0 + O(ε2), (47)

λt = 1

	
− αλ

∣∣u fz

∣∣ . (48)

The interfacial conditions reduce to
(
u − u f

)− (
w − w f

) = J (rd − 1) , u = w = 0 + O(ε2), (49)

p = p f + hxx

Ca
+ O(ε), uz = (1 + λn)u fz + O(ε), ht + uhx − w + rd J = 0, (50)

T fz = rk Tz + O(ε2), T = T f . (51)

The symmetry conditions at z = 1 and the no-slip and no-penetration conditions at z = 0 remain unaltered.
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2.5 Lubrication theory and the integral method

Here, we derive evolution equations that govern the dynamics of the flow by employing lubrication theory for the
wall layer, and a combination of boundary-layer theory and an averaging procedure for the core fluid [20,21,25];
the latter requires closure relations for the velocity and temperature fields, and the structure parameter λ, as will be
discussed below. We start by re-expressing the kinematic boundary condition as

ht +
⎡
⎣

h∫

0

(h − z)u f zdz

⎤
⎦

x

+ rd J = 0, (52)

in which u f z is obtained via integration of the x-component of the momentum conservation equation in the film
and application of the tangential-stress condition at z = h(x, t):

u fz = p fx (z − h) + τi

(1 + λn)
. (53)

Here, uz(z = h) ≡ τi denotes the interfacial tangential-stress. Integration of the x-component of the Navier–
Stokes equations in the core fluid yields

Re

⎛
⎝

1∫

h

u2dz

⎞
⎠

x

+ px (1 − h) + τi = 0. (54)

Progress is made by choosing the following closure relation for u, which satisfies u = 0 at z = h, uz = 0 at
z = 1, and

∫ 1
h udz = 1/2 [25]:

u = 3

4(h − 1)3

[
z2 − 2z − h(h − 2)

]
. (55)

This closure yields the following expression for the interfacial stress

τi = 3

2(h − 1)2 . (56)

Substitution of Eqs. (55) and (56) in Eq. (54) yields the following expression for the pressure gradient in the core

px = 3

10(h − 1)3 (5 + hx Re). (57)

From the leading-order normal-stress jump condition at z = h(x, t) we obtain the pressure gradient in the film:

p f x = 3

10(h − 1)3 (5 + hx Re) − hxxx

Ca
. (58)

Substitution of (56) and (58) in (53) and the resultant equation in (52) finally yields an evolution equation for
h(x, t):

ht +
⎡
⎣

h∫

0

{
15Ca(h − z)(h − 1) − (h − z)2

[
3Ca (5 + hx Re) − 10hxxx (h − 1)3

]

10Ca(1 + λn)(h − 1)3

}
dz

⎤
⎦

x

+ rd J = 0. (59)

For the core fluid temperature, we adopt the following closure, which satisfies continuity of temperature at
z = h(x, t) and the symmetry condition at z = 1:

T = A(z2 − h2) − 2A(z − h) + 2Ark(h − 1)h + 1. (60)

It is possible to derive the following expression for T f via integration of the leading-order energy equation in the
film and application of the thermal condition at the wall and the thermal flux condition at z = h(x, t):

T f = 2Ark(h − 1)z + 1. (61)
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Integration of the leading order energy equation in the core gives

RePr

⎡
⎣

1∫

h

uT dz

⎤
⎦

x

= −Tz |h, (62)

and substitution of (60) in (62) yields the following equation for the function A(x, t)

RePr

5
((h − 1) (2 + (5rk − 2) h) Ax + A (4 − 5rk + 2 (5rk − 2) h) hx ) + 2A(h − 1) = 0. (63)

For λ, we choose the following closure

λ = λw

(z − h)2

h2 , (64)

where λw(x, t) represents the spatio-temporally varying value of λ along the channel wall. This closure satisfies
the conditions λ = λz = 0 at z = h(x, t): here, we suppose that interfacial stress will lead to destruction of the
internal structure of the wall layer; consequently, λ would be expected to be largest at the wall. This is supported by
the results of full-scale numerical simulations of the governing equations using the diffuse-interface method [33].
Substitution of (53) and (64) in (31) yields the following evolution equation for λw:

λwt = 1

h

[
3

(
h

	
− I

)
− λwht

]
; (65)

here, I ≡ α
∫ h

0 λ
∣∣u f z

∣∣ dz. Equations (59), (63) and (65) are fully coupled to the flux J ; an expression for J is
obtained following the substitution of (60) in (40). We turn our attention to the presentation of the results next.

3 Results

In this section, we provide a discussion of our results. We begin, however, with a short description of the numerical
procedure employed to carry out the computations and of the initial and boundary conditions used for h, A, and λw.

3.1 Numerical procedure

The evolution of the flow is studied via numerical solution of (59), (63) and (65). The flux, J , is given by (40)
with T (x, z = h, t) = 2Ark(h − 1) + 1 and Tz(x, z = h, t) = 2A(h − 1). We consider the case wherein the
core fluid corresponds to a bi-component mixture for which η is given by (93) (and associated relations). We fix
the values of the following parameters M1 = M2 = 100 kg/kmol, K10 = K20 = β1 = β2 = 1, z1 = z2 =
0.5, Pe = 104, Tp1 = Tp2 = 373 K , Tin = 473 K ; the latter temperatures lead to �1 = �2 = 1.27. We also fix
Ca = 1, Pr = 100, rd = rCp = 1, rκ = 0.1, and α = 3 [11]. One expects that increasing the value of Tw decreases
� thereby increasing Ki and, ultimately, J ; this leads to an increase in the deposition rate. One also expects the
deposition and ageing effects to be mitigated by the interfacial interactions whose intensity will increase with Re,
while ageing will be promoted by decreasing 	 and n. Below, we will, therefore, investigate the effect of varying
Re, 	,�, and n on the dynamics.

We use a numerical procedure that employs finite-element collocation to discretise the spatial derivatives and
Gear’s method to advance the solution in time [34]; this has been used previously to simulate related thin-film flows
[22,25,35,36]. Numerical solutions are obtained for domain lengths L = 300 with 1000-3000 grid points starting
from the following initial conditions:

h(x, 0) = ho[1 + 0.01 × exp(−10[x − 5]2)], (66)

A(x, 0) = A0 exp [−10x/ (2 + [5rκ − 2]ho) /RePr] , (67)

λw(x, 0) = 0, (68)
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Fig. 2 Interfacial dynamics in the absence of ageing and wall deposition with Re = 20, Ca = 1 and ho = 0.3. Panel a shows a
space–time plot of h; b–d depict the h profile over three different x intervals for t = 43.46

which correspond to an initially uniform film, except for a very small perturbation, 0.01ho × exp(−10[x − 5]2),
with constant viscosity, having λ = 0. Equation (67) is obtained from (63) with h = ho; here, A0 is given by

A0 = 3

2(1 − ho)(1 + [3rκ − 1]ho)
, (69)

which was obtained by demanding that the average core temperature at x = 0 equals Tin : (1/(1−ho))
∫ 1

ho
T dz = 0.

The numerical solutions are subject to the following boundary conditions

(h, hxxx )(0, t) = (ho, 0), A(0, t) = A0, λw = 0, (70)

(hx , hxxx )(L, t) = 0, Ax (L, t) = 0, λw = 0. (71)

3.2 Discussion

3.2.1 No-ageing and no-deposition

We begin the discussion of our results by first examining the flow in the absence of deposition and ageing effects.
This situation is recovered in the limits (α,	, Pe) → (0,∞,∞). We show in Fig. 2 the interfacial dynamics that
accompany the flow for Re = 20, which were studied by Matar et al. [25]; these authors also studied the effect of
Re and ho on the wave dynamics, and their results will be not reproduced here. It can be seen from Fig. 2, which
represents a space–time plot of h, that disturbances are convected away from the channel inlet and develop into a
wavepacket, which then begins to radiate large-amplitude waves. It is possible to discern four regions at the interface
in the latest snapshot shown in the space–time plot (at t = 43.46); these will be referred to below as regions ‘1–4’,
respectively.
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There is a region near the inlet, which is seemingly uniform in thickness although it is populated by waves of
small-amplitude that are convected downstream. This is then followed by a region comprising a thin strip over
which the waves that are convected from the inlet region develop into waves of large amplitude. This is shown
in Fig. 2b where the ‘nucleation’ of waves between the large-amplitude waves can also be discerned; the average
film thickness in this region also decreases due to the increase in its average velocity, which is brought about by
the wave-formation. The average film thickness then increases over another transition region, shown in Fig. 2c,
in which the large-amplitude waves give way to solitary pulses, which then accelerate away from this region and
populate regions downstream (see Fig. 2d). Inspection of Fig. 2a also shows that the extent of region ‘1’ grows
relatively slowly with time; this is far exceeded by the rate of propagation of the waves in regions ‘2’ and ‘3’ in
the middle of the domain, which, in turn, is exceeded by that of the solitary pulses in region ‘4’. As also shown by
Matar et al. [25], decreasing the value of Re and/or h0 yields a situation in which a wavepacket forms and travels
downstream and eventually exits the right-hand boundary leaving behind a waveless film.

3.2.2 Effect of ageing

We turn our attention to investigating the flow in the presence of ageing by first considering the waveless, steady
case and its linear stability. It is possible to derive a waveless steady-state solution for λw, λws , by setting the
time-derivatives in (59) and (65), which yields

hs

	
− 3αhsλws

2(hs − 1)3

1∫

0

(ηhs − 1)(η − 1)2

(1 + λn
ws(η − 1)2n)

dη = 0, (72)

where η = z/hs . Solution of this equation yields λws given hs and n.
It is also possible to consider the situation in which the magnitude of λw is small so that (59) and (65) may be

linearised to yield

ht +
(

h2

60

[
4h(3λw − 5)p f x − 15(λw − 2)τi

])

x
= 0, (73)

λwt ≈ 3

	
− αλw

(
τ − 3

4
hp f x

)
− λw

ht

h
. (74)

A linear stability analysis of these equations can be carried out using normal modes:

(h, λw) = (hs, λws) + (ĥ, λ̂w) exp(ikx + ωt). (75)

Here, (ĥ, λ̂w) represent linear perturbations to the steady-state values of h and λw, given by hs and λws , respec-
tively; k and ω denote the disturbance (real) wavenumber and (complex) growth rate. The steady solution, λws , can
be obtained either via linearisation of (72) or following the omission of the time-derivatives in (73). An analytical
expression for λws is only possible for n = 1:

λws = 8(hs − 1)3

α	(hs − 4)
. (76)

Note that the parameters α and 	 enter this equation as α	 and are no longer independent. Thus, an increase
(decrease) in α	, which arises due to an increase (decrease) in α and/or 	 represents an increase (decrease) in the
rate of de-structuration and a decrease (increase) in the structuration rate, which hinders (promotes) ageing.

Linearisation of (73) and (74) and subsequent solution of the characteristic equation for the eigenvalue ω yields
a dispersion relation for the growth rate ωr as a function of k. In Fig. 3a, we plot the variation of λws with hs , which
shows that λws increases with decreasing hs , which illustrates that structure-building is more significant in thinner
films. This increase becomes more pronounced with decreasing α	, as expected. Equation (76) was derived by
assuming that λws is small and this must be kept in mind when interpreting the trends exhibited in Fig. 3a where
this assumption clearly fails (which is true for small hs and α	). In Fig. 3b, we show the dispersion curves for
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Fig. 3 The variation of λws (Eq. (76)) with hs (a), and the disturbance growth rate, ωr , with k (b), for different values of α	, n = 1
and hs = 0.3

hs = 0.3 and three values of α	. The curves are paraboloidal with a range of wavenumbers, 0 < k < kc, for which
ωr > 0 indicating the presence of a linear instability, promoted by inertia [25]. Inspection of this plot reveals that
decreasing α	, which leads to larger λws values, is stabilising, giving rise to a decrease in the growth rates for
disturbances 0 < k < kc, and an increase in the decay rates for k > kc.

The nonlinear interfacial dynamics are investigated next. We show in Fig. 4 a space–time plot for α = 	 = n = 1
with the rest of the parameters remaining unaltered from Fig. 2. It is seen that the h-dynamics are clearly similar to
those in the absence of ageing, presented in Fig. 2: there is an almost-waveless inlet region, which is followed by
a transition to large-amplitude waves, followed by another to form solitary pulses. The evolution of λw, shown in
Fig. 5, demonstrates that λw also exhibits wave-formation due to its coupling to h. The magnitude of λw undergoes
its largest decrease beneath the wave peaks, and is highest below the wave troughs. This is because the |u f z | is
highest below the peaks and this promotes de-structuration, which acts to decrease λw.

We have also investigated the effect of varying 	 on the spatio-temporal dynamics of h and λw; this is shown in
Fig. 6 for α = 1 and the rest of the parameters remaining unchanged from Fig. 4. It is seen clearly that increasing 	

increases the time-scale for structuration and leads to small average λw values: the h profiles generated with 	 = 10
(see Fig. 6g) are very similar to those obtained in the absence of ageing (see Fig. 6a). The structure of region ‘2’
appears to be weakly dependent on variations in 	, however, for the lowest 	 values investigated, regions ‘3’ and
‘4’ merge into a single region, populated by large-amplitude, solitary pulses. The average value of λw also follows
that of h (a tentative indication of this has already been provided by Fig. 3a and Eq. (76)): it is lowest for thickest
average h, which is in region ‘1’ near the inlet, and highest for the thinnest average h, in region ‘4’; the steady
values of λw in these regions were found to be in agreement with the predictions of (72).

As shown in the insets of Fig. 6c and d, although the value of h remains fixed at h = ho for x = 0, h increases
in the region immediately adjacent to the inlet in order to accommodate the increase in the viscosity of the film due
to structure-building in the wall layer; the film must thicken since its velocity decreases as a result of the viscosity
build-up. With decreasing 	, there is an increase in the average film thickness in the inlet region, brought about
by the rapid increase in λw. The decrease in 	 also leads to retardation in the propagation rate of all waves due to
the associated increase in viscous dissipation. Downstream of the inlet, the average film thickness decreases since
its velocity increases in the region populated by waves. In the region further downstream, the average thickness
remains below ho and the film remains waveless, promoting structure build-up and an increase in λw.

In Fig. 7, we show the effect of varying n on the flow profiles for α = 1 and 	 = 0.5, and the rest of the param-
eters remaining unaltered. It is seen that decreasing the value of n leads to more regularly spaced, high-amplitude
solitary pulses in h, which coincide with sharp depressions in λw, as shown in Fig. 7a and b. Regular waves in aged
cornstarch suspensions, flowing down an incline, have been observed previously by Balmforth et al. [37]. Increas-
ing n leads to the formation of less regularly spaced pulses in h and depressions in λw. For n=1, the solutions in
50≤x≤120 resemble the ‘bound-states’ observed in other thin-film flows, namely those down a vertical fibre [38].
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Fig. 4 Interfacial dynamics in the presence of ageing with α = 	 = n = 1 and the rest of the parameter values remaining unaltered
from Fig. 2. Panel a shows a space–time plot of h; b–d depict the h profile over three different x-intervals for t = 29.37
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It may be possible to explain the presence of such states in the present set of equations through an analysis similar
to that carried out by Duprat et al. whereby the separation of the pulses can be tracked as a parametric function of
n for fixed 	; however, this is beyond the scope of this paper.

A further increase in n to values above unity results in a transition from a dynamics accompanied by the con-
tinuous formation of solitary waves to one involving what appears to be finite-time ‘blow-up’ in h. Examples of
this are shown in Fig. 7e, g, and i, which depict the final solution that can be calculated prior to ‘blow-up’. These
solutions are characterised by a wave with a large peak, which approaches the channel centreline. The development
of these waves occurs at earlier times and at locations whose distance from the inlet decreases with increasing n;
this is accompanied by a rapid build-up of λw, as shown in Fig. 7f, h, and j, corresponding to a rather abrupt change
in the deposit rheology towards a solid-like behaviour.

The evolution of the interface towards ‘blow-up’ and the build-up in λw is shown in Fig. 8a and b for n = 1.2
with the rest of the parameters remaining unchanged from Fig. 7. It is seen clearly that interfacial waves are formed
near the inlet region and propagate downstream. The interaction between successive waves results ultimately in
their coalescence into a large-amplitude solitary wave, which gives rise to ‘blow-up’; the latter is shown in Fig. 8c,
together with the last profile λw prior to ‘blow-up’. It is tempting to conclude that the behaviour shown in Figs. 7
and 8 heralds the onset of a ‘bridging’ event, whereby peaks from either side of the centreline meet. It is more likely,
however, that the equations become deficient in the relevant physics required to regularise the solutions after the
coalescence event, preventing the occurrence of ‘blow-up’; similar ‘blow-up’ phenomena have been encountered
previously in thin-film equations (e.g. the Benney equation [39]). It may be possible to regularise such models by
replacing them with ‘two-equation’ models of which the Shkadov equations [20] (or those derived using the method
of weighted residuals [40]) are an example; these models couple the interface equation to an evolution equation for
the film flow rate.

We have also studied briefly the effect of initial degree of structuration on the dynamics, characterised by the
initial, finite value of λw, λw(x, 0). For the runs starting from λw(x, 0) > 0, the boundary condition on λw at x = 0
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7.81, 8.66, 8.89, 8.92; an enlarged view of h and λw at t = 8.92 is shown in (c). The rest of the parameters remain unaltered from Fig. 7

is λw(0, t) = λw(0, 0). Our results (not shown) indicate that similar ‘blow-up’ phenomena occur for a sufficiently
large initial structuration level (e.g. with λw(x, 0) = 100 for α = 	 = n = 1, Ca = 1, and Re = 20).

The effect of 	 and n on an integral measure of the interfacial waviness, W (t), which is expressed by

W (t) =
∫ L

0 (h − ho)
2dx

L , (77)

is shown in Fig. 9. Here, it can be seen that interfacial waviness is enhanced with decreasing 	 and increasing n,
except for the case of n = 2 which ends abruptly for the reasons mentioned above. The results shown in Figs. 6–9
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Fig. 10 The effect of
varying � on the integral
measure of the interfacial
waviness, W , in the absence
of ageing effects. The rest of
the parameter values remain
unaltered from Fig. 4 except
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indicate that the increase in the viscosity contrast between the core fluid and the film, brought about by ageing and
structure build-up, promotes wave-formation in the nonlinear regime. The associated decrease in wave propagation
speed leads to an increase in wave ‘density’ with decreasing 	 and increasing n for n values that do not result in a
transition to ‘blow-up’.

3.2.3 Effect of deposition

The flow in the presence of deposition and no ageing is investigated next. In Fig. 10, we show the effect of varying
� on the quantity W (t), which, in the present case, reflects the increase in the thickness of the layer deposited at
the wall starting from a value of ho = 0.01. As can be seen upon inspection of this figure, decreasing � gives rise
to a sharp increase in W (t). This can be explained by recalling that a decrease in � corresponds to an increase in
the wall temperature Tw, the partition coefficients, K1 and K2, and, ultimately, the flux J .

The increase in the wall layer thickness can be seen clearly in Fig. 11a, which depicts the spatio-temporal evolu-
tion of the film for � = 1 with the rest of the parameters remaining the same as in Fig. 10. This figure demonstrates
that the film thickness increases sharply near the channel inlet and, at relatively early to intermediate times, appears
to remain waveless. At later times, however, perturbations that originate near the inlet are convected downstream
and develop into large-amplitude waves, which resemble the ones already discussed above. The core and film
temperatures are also shown in Fig. 11b at relatively late times. Here, it can be seen that the core temperature
increases from a value of zero at the inlet (which corresponds to the dimensional inlet temperature) with increasing
downstream distance due to the heating effect of the wall. The core temperature also exhibits wave-formation in

123123



Two-fluid channel flow with wall deposition and ageing 125

0 20 40 60 80 100 120 140 160 180 200
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

h

x

 

 
t =28.22
t =90.84
t =146.29

0 20 40 60 80 100 120 140 160 180 200
−0.5

0

0.5

1

T
f
 (t =146.29)

T (t =146.29)

T
, T

f

x

(a)

(b)

Fig. 11 Interfacial dynamics in the presence of deposition and absence of ageing with � = 1 and the rest of the parameters remaining
unaltered from Fig. 10. Panel a shows the spatio-temporal evolution of h, while b shows T and T f at t = 146.29

response to those developed by the interface, being enslaved to the interfacial dynamics: it is seen that peaks in h
correspond to sharp troughs in the core temperature since the resistance to heat transfer from the wall increases with
film thickness. The film temperature, T f , remains close to a value of unity (which corresponds to the dimensional
wall temperature) for the duration of the computations, and exhibits very similar wave-formation to that observed
in the case of T .

3.2.4 Effect of deposition and ageing

Finally, we study the flow in the presence of ageing as well as deposition. In panels (a) and (b) of Fig. 12, we show
similar plots to those already depicted in Fig. 11a and b, which demonstrate the build-up of deposit at the wall and
the evolution of interfacial waves. In addition, we show the development of λw, which is highest near the channel
inlet. Its average value is minimal in the wavy region and then increases gradually with downstream distance. We
have also studied the effect of ageing on W (t) for fixed � by varying 	, which characterises the time scale to
structure-build. The results shown in Fig. 13 indicate that decreasing 	, which promotes ageing, leads to a slightly
faster increase in W (t).

4 Conclusions

We have studied the dynamics of two-fluid, channel flow in the presence of wall deposition and ageing. The motivat-
ing engineering application for this work is crude-oil ‘fouling’ in pipelines and channels wherein the flow of oil is
accompanied by the deposition of wall layers; this results from a phase separation within the oil which consists of a
mixture of many components. In such applications, the deposit is known to undergo ageing which is characterised by
potentially sharp changes in its rheology. We have derived a coupled system of equations that govern the dynamics
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Fig. 13 The effect of
varying 	 on the integral
measure of the interfacial
waviness, W , in the
presence of ageing effects.
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of the interface separating the core fluid and the wall deposit, the core and deposit temperature, and the deposit
rheology. This is done by employing asymptotic reduction, integral theory and appropriate closure relations for the
core temperature and velocity, and deposit rheology.

The deposition is modelled using a Stefan-like flux, which is coupled to the phase-separation process through a
chemical-equilibria model used previously to predict wax deposition in oil pipelines [19]. The framework provided
by this model allows us to predict the deposition of each of the n components of the oil through a phase transition
that depends on the local temperature field which, in turn, is coupled to the flow field. In this paper, n = 2 and the oil
is considered to be a bi-component mixture. The time-varying deposition rheology is modelled using a Coussot-type
relation [14] for a parameter that characterises the internal deposit structure. This is the simplest model that accounts
for (potentially rapid) transitions from liquid-like to solid-like behaviour of the deposit.
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Our results show that for relatively weak ageing effects, the dynamics are characterised by the formation of sol-
itary wave-trains. Increasing the relative importance of ageing effects results in an increase in the overall waviness
of the interface. Deposit ageing is most pronounced in regions where the interface is waveless and the magnitude of
the shear is small, leading to significant structure-building within the deposit. Conversely, the latter is diminished
in wavy, high-shear regions, such as the ones beneath the crest of a wave.

In certain cases where the transition to solid-like behaviour is so rapid, and/or if the initial structuration level is
sufficiently large, the flow characteristics become markedly different: the continuous formation of solitary wave-
trains gives way to the development of large-amplitude waves leading to finite-time ‘blow-up’. This highlights a
deficiency in the model and the necessity to include the relevant physical regularisation to mitigate against the
occurrence of ‘blow-up’; this may be accomplished via use of ‘two-equation’ models that couple an evolution
equation for the film flow rate to the rest of the model equations [40].

We have also found that increasing the difference in temperature between the wall and the channel inlet promotes
phase separation and, therefore wall deposition, leading to rapid thickening of the wall layer. The deposition rate is
enhanced slightly via an increase in the relative importance of ageing.

The model discussed in this paper represents one of very few in the literature that provides a theoretical frame-
work for treating the multi-faceted, practically important problem of fouling. This model accounts, for the first time,
for the coupling between heat transfer, chemical equilibria, time-varying rheology of the fouling deposit, and the
complex interfacial dynamics, characterised by wave formation. Despite the approximations introduced in terms of
closures for the velocity, temperature and viscosity fields, this model provides a tool for the prediction of fouling
rates in practical, engineering settings. It is extensible in a straightforward manner to multi-component, multi-phase
mixtures, and can easily accommodate more faithful representations of the deposit rheology, and more accurate
closures for the velocity and temperature fields.

Acknowledgement The authors acknowledge the support of the Engineering and Physical Sciences Research Council, UK, through
grant number EP/D503051/1.

Appendix: Chemical equilibria

Here, we outline the derivation of the expression for the deposition flux, which gives rise to and then thickens the
wall layer, referred to in the main text as the ‘film’ or ‘deposit’ [19]. We consider the core fluid to be composed
of a two-phase, mixture of n components, and specialise at the end of the derivation to the n = 2 case. For each
component, i , one has

xi Lx + di Ld = zi L tot, (78)

where Lx + Ld = L tot in which Lx and Ld denote the number of moles in the liquid and precipitated ‘solid’ phase,
respectively, and L tot, is the total number of moles in the mixture; here, we shall work with a basis of one mole;
xi and di represent the mole fractions of component i in the liquid and ‘solid’ phases, respectively, while zi is the
total mole fraction of component i . The fractions xi and di are related by the following partition coefficients

Ki = di

xi
= Ki0 exp

[
−�Hpi

RT

(
1 − T

Tpi

)]
, i = 1, 2 . . . , n, (79)

in which �Hpi and Tpi denote the precipitation enthalpy and temperature of component i , respectively, and Ki0 is
the value of the equilibrium coefficient when T = Tpi . The mole fractions xi , di and zi also satisfy the following
relations:

n∑
i=1

xi =
n∑

i=1

di =
n∑

i=1

zi = 1. (80)

The weight fraction of each component of the mixture, χi , is defined by:

χi = zi Mi∑n
p z p Mp

, (81)
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where Mi is the molecular mass of component i . The weight fraction of each component i present in the precipitated
phase is

χdi = Lddi Mi∑n
p z p Mp

= χi
Lddi Mi

zi Mi
, (82)

which we re-express as

χdi = χi
θ Ki

1 + θ Ki
, (83)

where θ is given by

θ ≡ Ld

Lx
= 1 − Lx

Lx
. (84)

The total weight fraction of the precipitated phase is expressed by

χd =
n∑

i=1

χdi =
n∑

i=1

χi
θ Ki

1 + θ Ki
. (85)

In order to develop an equation for J , we start from Fick’s law of diffusion for the precipitated phase which
diffuses to the wall region:

J = Dsρd,n, (86)

where the total, constant, density is taken to be the sum of the densities of the precipitated and fluid phases:
ρ = ρd + ρx ; then, one may write, ρd = ρχd and ρx = ρ(1 − χd) so that the flux, J , can be re-expressed in terms
of χd : J = Dsρχd,n .

In order to relate J to temperature variations in the core fluid, one writes

J = Dsρχd,T Tn = Dsρ
η

T
Tn, (87)

where

η =
n∑

i=1

ηi ,

in which ηi are given by

ηi = T χdi,T = χi

[
T (1 + θ)2 ∂Lx

∂T + θ
�Hpi

RT

]
Ki

(1 + θ Ki )2 , (88)

where use has been made of (83) and (84).
We now consider the specific case of a bi-component mixture, so that n = 2. For this case, the quantity Lx

becomes Lx = b/a where a and b, which are functions of the partition coefficients K1(T ) and K2(T ), and are
given by

a = 1 + K1 K2 − K1 − K2, (89)

b = K1 K2 − z1 K2 − z2 K1; (90)

then the variation of the number of moles in the fluid phase with respect to core fluid temperature is given:

Lx,T =
∑{

[(b − a) Ki + (azi − b)] �Hp(3−i)K(3−i)
}

RT 2a2. (91)

In order to obtain a dimensionless expression for flux, to leading order in the parameter ε, we substitute the
scaling given by Eqs. (22) in (79), (87), (88) and (91) to finally get (after suppression of the bar decoration)

J = 1

Pe

[
η

(T + �)

(
Tz − ε2hx Tx

)
(
1 + ε2h2

x

)1/2

]

z=h

= 1

Pe

[
η

(T + �)
Tz

]

z=h
+ O(ε2), (92)
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in which η = η1 + η2 where ηi (i = 1, 2) are given by

ηi = χi Ki

(1 + θ Ki )
2

[
�T (T + �) (1 + θ)2 Lx,T + θβi

1

(T + �)

]
, (93)

where the dimensionless Lx,T and Ki (i = 1, 2) are, respectively, expressed by

Lx,T = 1

�T

∑{
[(b − a) Ki + (azi − b)] β(3−i)K(3−i)

}
(T + �)2, (94)

Ki

Ki0
= exp

[
− βi

(T + �)

(
1 − �i (T + �)

�

)]
, i = 1, 2. (95)

Here, � ≡ Tin
�T , βi ≡ �HPi

�T R , and �i ≡ Tin
Tpi

.
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