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Abstract. Wall slip and wall divergence are known to have large and opposing eﬀects on the stability of
ﬂow in a two-dimensional channel. While divergence hugely destabilises, slip dramatically stabilizes the
linear mode. In a non-parallel stability analysis, we study a combination of these two eﬀects, since both
will coexist in small-scale ﬂows with wall roughness. Our main results are (i) that the stabilising eﬀect of
slip is reversed at higher angles of divergence, (ii) transient growth of disturbances is unaﬀected by either
wall-divergence, or by slip at any divergence. Moreover, at the Reynolds numbers relevant here, transient
growth is too low to be a signiﬁcant player in transition to turbulence, which is more likely to be driven
by linear instability. The results would have implications for the onset of unsteadiness and mixing in small
scale ﬂows.
PACS. 47.20.-k Flow instabilities – 47.15.Fe Stability of laminar ﬂows – 47.27.nd Channel ﬂow

1 Introduction
Chaotic advection and mixing in small scale ﬂows are desirable features in several biological and chemical applications. Such mixing is usually achieved by constructing
a convoluted ﬂow chamber with a carefully designed system of vanes. It is assumed, and usually true, that such
mixing is impossible at low Reynolds numbers in a simple
geometry. In a straight channel, for example, laminar ﬂow
is linearly stable up to a Reynolds number of 5772, based
on the channel half-width and the centreline velocity. Although the ﬂow goes to turbulence at a Reynolds number
far lower, between 1000 and 2000, (we will return soon to
this) the value is probably too large to be of signiﬁcance in
small-scale ﬂows. Moreover, in small scale applications, we
may expect a signiﬁcant velocity slip at the wall, which has
been shown recently to push up the instability Reynolds
number to huge values in a straight channel [1–3]. On the
other hand, when there is no slip, but the walls are divergent rather than straight, the instability critical Reynolds
number is well-known to plummet by orders of magnitude
for even a small divergence [4,5]. We investigate here the
combination of channel divergence and wall-slip, two large
and opposing contributors to stability. Our motivation is
that in small-scale ﬂows, wall-roughness can create local
divergence and convergence of the ﬂow, and slip can be
signiﬁcant, especially if the walls are hydrophobic, so the
a
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two eﬀects are likely to act simultaneously. We ﬁnd that
wall slip has a destabilising eﬀect (although small) in divergent ﬂows, rather than the expected huge stabilization.
In the straight channel or in a pipe, the mechanisms
leading to turbulence below the critical Reynolds number (for linear instability) are accepted to be either directly nonlinear, or triggered initially by transient algebraic growth due to the superposition of linearly decaying
waves. In the latter case, nonlinearities are said to take
over once transient growth increases disturbance amplitudes to signiﬁcant levels. Transient growth of instabilities
have been shown [1] to be not aﬀected much by velocity
slip at the wall for a straight channel, but have not been
investigated before in a divergent channel, to our knowledge, with or without slip.
Our main results are as follows. Under no-slip condition at the wall, our non-parallel linear stability analysis,
conﬁrms the result obtained by [4] under the parallel ﬂow
assumption, that with increase in divergence, the critical
Reynolds numbers falls sharply. The fact that the ﬂow is
non-parallel, namely that the basic ﬂow is a function of
the downstream coordinate as well as the wall-normal one,
has only a small quantitative contribution. This is unlike
a divergent pipe, where the eﬀect was large [6]. We show
that transient growth of disturbances, on the other hand,
is unaﬀected by wall divergence. At the relevant Reynolds
numbers, the magnitude of maximum of transient growth
is small, so linear instability leading to exponential growth
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Fig. 1. A schematic diagram showing the coordinate system,
slip length and slip velocity.

Fig. 2. Variation of U  at the wall for diﬀerent S (solid line:
Kn = 0.1 and dashed line: Kn = 0).

of disturbance is expected to be the major player in these
ﬂows. As mentioned before, slip at the walls does not in
this case have the “obvious” eﬀect of huge stabilisation.
In fact, wall slip can further destabilise the ﬂow, although
slightly. While the present “weakly non-parallel” [6] approach is appropriate for small angles of divergence, we
are working on a full two dimensional eigenvalue solver
for the stability of slipping ﬂow through arbitrary geometries.
At low Knudsen numbers, we take the Navier-Stokes
equations to be valid in conjunction with the slip boundary condition of Maxwell [7],

the velocity scale (from their respective analytical expressions) used by [2] decreases with increasing slip while that
of [1] goes up with slip. In the present paper we avoid this
ambiguity by scaling with the centreline velocity, obtained
numerically, as explained in the next section. For the sake
of validating our results, when we employ the respective
deﬁnitions of [1,2], our calculations for a plane channel
agree very well with each.
For a divergent channel, we use the Jeﬀery-Hamel
mean ﬂow proﬁles, described in the next section, followed
in subsequent sections by the linear stability and computations of transient disturbance growth.

U ± Kn

dU
= 0,
dy

at y = ±1.

(1)

Through out this paper U , V , W denote base velocities
and u, v, w are the perturbation velocities in the streamwise, (x), normal, (y) and spanwise, (z) directions respectively. This model is correct to O(1) in the Knudsen number, Kn, expressed here as the ratio of slip length (ls )
to the local half-width H(x) of the channel. All quantities
are non-dimensionalised using H(x) and the centreline velocity Uc (x). In particular, the relationship dxd = Hdx is
used later, where the subscript d represents a dimensional
quantity. The Maxwell slip model breaks down around
Kn = 0.15 [8], so we, like others [1–3,9] who use this
model, restrict ourselves to values below this. The slip
length and slip velocity (Us ) are shown schematically in
Figure 1.
Incidentally the work of Lauga & Cossu [1] set to rest a
recent controversy over the eﬀect of slip on the stability of
channel ﬂow. Chu [9–11] had found a large destabilisation
due to slip, in contrast to the earlier prediction of Gersting [12] of a huge stabilisation. The conclusions of [12] are
conﬁrmed by [1], who showed that there was a lapse in
the application of the slip boundary condition in the work
of Chu. There remains a small discrepancy in the eﬀect
of slip on transient growth, between the results of [1,2].
Both agree that the eﬀect of slip is small, but the direction of the eﬀect is stabilising in [2] and destabilising in the
other. We have checked that this discrepancy arises from
a diﬀerence in the deﬁnition of Reynolds number, since

2 The basic flow
At low angles of divergence, the incompressible laminar ﬂow in a wedge-shaped channel is given by the
Jeﬀery-Hamel equation (see e.g. [4]):
U  + 2SU U  = 0,

(2)

which is valid for ﬂows with slip boundary conditions as
well. All eﬀects up to the ﬁrst order in the divergence have
been retained in the Navier-Stokes equations, and similarity has been assumed. The primes denote derivative with
respect to y. The only parameter is the product S ≡ aRe,
of the slope a of the wall and the Reynolds number Re.
(Some of the results below are presented in terms of the
angle of divergence θ = tan−1 a). From global continuity
we see that Re ≡ H(x)Uc (x)/ν is a constant for a given
ﬂow, ν being the kinematic viscosity. The normal velocity
V = ayU

(3)

from continuity. Note that V , being normal to the centreline, is not zero at the wall when there is a non-zero slip
(Us ). Equation (3) with the boundary conditions given by
equation (1) at the wall, and U = 1, U  = 0 at the centerline, is solved by a fourth order Runge-Kutta method.
Thus for diﬀerent Knudsen number the proﬁle is computed
numerically. The eﬀect of slip at diﬀerent S on the streamwise and normal components of the velocity is shown in
Figures 3 and 4 respectively.
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3 Non-parallel stability analysis
We consider small divergence angles and Reynolds numbers are much larger than 1, so streamwise variations in
the basic ﬂow are slow. A consistent non-parallel approx

imation is to retain all terms up to O(a) and O Re−1
and to neglect terms of higher order in either of these. As
in parallel stability analysis [14], each ﬂow quantity is expressed as the sum of a steady mean and a time-dependent
perturbation, such as
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Fig. 3. Streamwise components of the velocity at various
values of the divergence parameter S. Solid line: Kn = 0.1,
dashed line: no slip. The U and V are symmetric and antisymmetric about the channel centreline (y = 0) respectively.
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Fig. 4. Normal, components of the velocity at various values
of the divergence parameter S. Solid line: Kn = 0.1, dashed
line: no slip. The U and V are symmetric and anti-symmetric
about the channel centreline (y = 0) respectively.

Ever since Rayleigh [13] proved that a point of inﬂexion
in the velocity proﬁle is a necessary condition for inviscid
instability, the second derivative U  has been known to be
a sensitive indicator of linear instability, especially when it
goes through a zero somewhere in the ﬂow. In a divergent
channel, U  at the centreline remains negative, and for
small divergences, is close to the value in a plane channel
of −2. The dependence of U  at the wall on S is shown
in Figure 2. A positive value is indicative of the existence
of an inﬂexion point. In the absence of slip, the proﬁle
is inﬂexional beyond S = 2.95, whereas for Kn = 0.1,
the proﬁle is inﬂexional for S ≥ 2.5. Going by this inviscid argument, a divergent channel might be expected to
be more unstable with slip than without, but the diﬀerence is too small to predict the direction of the eﬀect at
ﬁnite Reynolds numbers. We may however estimate that
for a proﬁle that is near-inﬂexional, the divergence could
be more important for stability than changes in the boundary conditions. In the next section, we will investigate if
the above argument is correct with a non-parallel linear
stability analysis.

(4)

Note that, y being the similarity variable, the basic velocity in equation (4) is a function of y alone. Our numerical results for non-similar velocity proﬁles show that
U = U (y) is a fair assumption whenever ∂U/∂x is smaller
than the inverse of the Reynolds number. The dependence
on the streamwise coordinate may be expressed as the
product of a rapidly varying wave-like part scaled by a
relatively slowly varying function (see e.g. [6,15]), and normal modes may be used in the spanwise coordinate z and
in time, as

 

[û] = Real u(x, y) exp i
α(x)dx + βz − ωt
,
(5)


such that ∂u/∂x ∼ O Re−1 . The streamwise and spanwise wavenumbers are α and β respectively and ω is the
disturbance frequency. Flow quantities of the form (4) are
substituted in the Navier-Stokes and continuity equations.
The mean ﬂow is subtracted out, and the nonlinear terms
in the perturbations are neglected. Since the divergence
angle is small and the Reynolds number is large, we retain all terms up to and including O(a) and O(1/Re) and
neglect all terms of higher order. We thus obtain the nonparallel linear stability equations, for the diverging channel. Note that both the base state and the stability equations are correct up to the same order, i.e., the ﬁrst term
neglected in each is O(a) and O(1/Re). The equations for
linear stability under these assumptions are (for details
Refs. [6,16]),
−au +

∂u ∂v
∂u
+ iαu − ay
+
+ iβw = 0,
∂x
∂y
∂y

(6)

∂u
− 2au + (v − ayu) U  =
(7)
∂x

∂p
1 ∂2u  2
∂p
+ (2a − iα) p + ay
+
−
− α + β2 u ,
2
∂x
∂y Re ∂y

i(αU − ω)u + U

i(αU − ω)v + U

i(αU −ω)w+U

1
∂p
∂v
+ ayU  v = −
+
∂x
∂y Re

∂2v  2
− α + β2 v ,
×
2
∂y

(8)


∂w
1 ∂2w  2
= −iβp+
− α +β 2 w .(9)
∂x
Re ∂y 2
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The boundary conditions are
∂w
∂u
= v ∓ au = w ± Kn
=0
u ± Kn
∂y
∂y

1
1100

0.05

at y = ±1,

(10)
with ﬁnite pressure at the walls. In equations (6) to (10),
if we set a, and all the streamwise derivative terms to
zero, and substituting η = iβu − iαw, we obtain the OrrSommerfeld and Squire equations for parallel ﬂow [14].
We solve equations (6–10) by the method described in
detail in [6]. Brieﬂy, the idea is to pose an eigenvalue problem of twice the dimensions as the number of grid points
to account for the coupling of two neighbouring streamwise locations. This is made possible upon descretising the
streamwise derivative and using the fact that the dimensional frequency remains constant downstream. We use
Chebyshev collocation spectral discretisation. We always
ﬁnd that the even mode in v is much more unstable than
the odd mode. When appropriate, this fact is used to speed
up the computations by considering only a half-channel.
While Squire’s theorem is not applicable directly
for non-parallel ﬂows, it is usually the case that twodimensional perturbations are the least stable in ﬂows
which vary slowly in x. This is true in the case of divergent channels too [16], so only two-dimensional perturbations are presented in this section on linear instability.
The two parameters in the problem under consideration
are channel divergence and wall slip. For a plane channel
(θ = 0), the present solutions match well with [1] as seen
in Figure 5. It is seen that the critical Reynolds number
increases sharply with increase in the Knudsen number
(nearly 175% for a Knudsen number rise of 0.05). For different wall divergence the same variation is given in next
two ﬁgures as neutral stability curves. The boundaries of
neutral stability at various Knudsen number for angles of
divergence θ = 0.1◦ and 1◦ are shown in Figures 6 and 7
respectively. At the lower level of divergence, slip is seen
to stabilise the ﬂow, but much less than it would in a plane
channel, only ∼22% for an angle of 0.1◦ , Figure 6. At the
larger divergence, increasing the Knudsen number has a
small destabilising eﬀect only ∼10% for an angle of 1◦ ,
Figure 7. The eﬀect of slip and divergence is summarised
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in the plot of the critical Reynolds number Recr in Figure 8. To highlight the result, we plot Recr /Re0 vs. Kn,
where Re0 is the critical Reynolds number for the no-slip
(Kn = 0) case. As the angle of divergence increases, the
eﬀect of slip is progressively reversed, from being hugely
stabilising to mildly destabilising.
Figure 9 shows the cross-over in the critical Reynolds
number. Figure 10 a portion of the ﬁgure is magniﬁed
and compared with [5]. At a Knudsen number of 0.1, Recr
varies with wall slope approximately as a power law, with
an exponent of −0.8. This means that the parameter S
at which the ﬂow is neutrally stable increases slowly with
the wall slope, roughly as S ∼ a0.2 . It is worth noting
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in symbols.

that as S increases, the slope of the velocity proﬁle at the
wall decreases, so a given Knudsen number corresponds
to smaller slip velocities at higher divergences. The results from the Orr-Sommerfeld equation applied to the
Jeﬀery-Hamel proﬁles are shown in the same ﬁgure. It may
be concluded that for wall divergences below a degree,
ﬂow non-parallelism acts only through the basic proﬁle,
and the explicit non-parallel terms (terms containing a
and partial derivatives of u, v, w and p in x, in Eqs. (6–9))
are negligible. This has been checked to be true for the
entire spectrum of eigenvalues for a variety of conditions.
Beyond this angle, explicit non-parallel eﬀects are noticeable but not large. At the largest divergences shown, i.e.,
for a ∼ 0.2, the ﬂow is mildly separated at the critical
Reynolds number. Any ﬁrm statements at these angles of
divergence would require a non-parallel stability analysis


correct to a higher order of accuracy in a and O Re−1
than considered here. We only show Orr-Sommerfeld results as a qualitative indicator that nothing special happens when one encounters a mildly separated proﬁle.

4 Transient growth
In contrast to the least stable linear eigenmode, the maximum transient growth of disturbance kinetic energy is
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(b) a = 0.02. At the latter wall divergence, a Reynolds number
of 200 is 95% of the critical Re for linear instability.

shown here to depend primarily on the Reynolds number
of the ﬂow and not on the slope of the walls. The introduction of velocity slip at the walls has a very small eﬀect in
the presence of divergence as well, similar to the ﬁndings
for a plane channel of [1,2]. While the linear stability computations use a full non-parallel analysis, we found that
the spectrum was not too sensitive to the extra accuracy
aﬀorded by the non-parallel terms. Given the negligible
eﬀect of the non-parallel terms on the stability, we use
eigenvalues and eigenfunctions from the Orr-Sommerfeld
and Squire equations with slip boundary conditions. The
equation (5) is thus of the form,
[û] = Real {u(y) exp (i(αx + βz − ωt))} .

(11)

If Λ = diag{ω1 , ω2 , ...ωN } is constructed out of the N
least stable eigenvalues of this system, and κ is similarly
constructed from the expansion coeﬃcients of the corresponding eigenfunctions, the resulting disturbance kinetic
energy, g(t), may be written as [17]
g(t) =

κ(t)2E
e−iΛt κ(0)2E
=
.
2
κ(0)E
κ(0)2E

(12)

Maximising g(t) for all possible initial conditions κ(0), we
deﬁne
G(t) ≡ max g(t).
κ=0

(13)

In a linearly stable situation, the quantity G(t) increases
initially, and after attaining a maximum Gmax , decays
to zero as t → ∞. For a given value of Re, α, β and θ,
Gmax is thus the maximum possible factor over which the
initial disturbance kinetic energy can grow algebraically.
Our computations of G(t) for a plane channel at Reynolds
numbers of 1000 and 1500 (appropriately scaled) at different Knudsen numbers are, as mentioned above, in excellent agreement with [2] and [1] respectively.
The contours of constant Gmax for a range of α and β
are plotted in Figure 11 for a Reynolds number of 200 and
wall slopes of 0.005 and 0.02. The solid line represents the
Gmax at Re = 200 for Kn = 0.0, whereas the dashed line
represents Kn = 0.1. It is evident that velocity slip as well
as channel divergence have only a marginal eﬀect. We now
deﬁne a Reynolds number Re0.95 equal to 95% of the linear
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Throughout the Knudsen number range considered
here, the largest transient growth is obtained for streamwise independent disturbances (α = 0) of spanwise
wavenumber β close to 2, so the remaining results are
presented at these wavenumbers. It should be stressed
here that the comparisons made are valid irrespective of
α and β. Figure 12 shows the Gmax at Reynolds numbers of 150 and 300. The slope at which the ﬂow becomes
linearly unstable (to two-dimensional perturbations) is
shown by the vertical line in each case. The values of
Gmax (α = 0, β = 2) shown beyond this point correspond
to the ﬁrst local maximum. Although this value sharply
increases with divergence, it has been checked to be irrelevant in comparison to the exponential growth in the
two-dimensional mode. In the linearly stable range, transient growth is (i) small, and (ii) relatively insensitive to
wall divergence, unlike the dominant linear mode, which
is hugely destabilised. The small destabilising eﬀect of slip
on transient growth is summarised in Figure 13. The combination of wall divergence and wall slip on plane channel is, thus shown to have insigniﬁcant algebraic growth.
We may conclude that the algebraic growth mechanism is
not a major player in diverging channels, whether with or
without slip.
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Fig. 13. The maximum transient growth of disturbance kinetic
energy at α = 0, β = 2.0 as a function of Knudsen number.
The Reynolds number in is 200.

10
instability-critical Reynolds number Recr for that particular angle of divergence. The algebraic ampliﬁcation of
disturbances obtained at this Reynolds number is close to
the maximum possible, since exponential growth will take
over at a higher Reynolds number for that angle of divergence. The Reynolds number of 200 at which the contours
are shown is about two-ﬁfths of Recr at a = 0.005, while
at a = 0.02, Re0.95 = 200. The point to be stressed here
is that, even at this “high” Re for a = 0.02, the growth is
comparable with that of a = 0.005. The maximum algebraic growth (i.e., the maximum contour value in Fig. 11)
obtained just before linear instability serves only to amplify the initial perturbation by a factor of ∼15. This is in
contrast to a plane channel, where the factor is about 200
even at one-sixth of Recr [17]. The results are qualitatively
the same over a range of Re and θ.
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Fig. 14. Gmax at α = 0 and β = 2, as a function of wall
divergence at Re0.95 . The point at the lowest slope (a = 10−4 )
is obtained at a Reynolds number of Re0.95 = 4282, while at
a = 0.2, Re0.95 = 56.6.

In Figure 14, it is seen that the transient growth obtainable just below Recr (i.e., Re0.95 ) drops sharply with
wall divergence, and is very small even for modest divergence. This result is compared to the maximum transient
growth in a plane channel in Figure 15, solid line. Note
that the dashed lines in this ﬁgure consist of points from
Figure 14 obtained at various levels of wall divergence,
each at its Re0.95 . At values of wall divergence below 2 degrees or so, the two lines without slip are almost indistinguishable, showing that Gmax is primarily dependent on
the Reynolds number and not on the slope. Scaling arguments at small α show [17] that Gmax should vary as Re2 .
This has been shown to hold true for a variety of ﬂows such
as for plane Poiseuille, plane Couette, ﬂow in circular pipes
and Blasius boundary layers, with diﬀerent constants of
proportionality. The relationship is seen to hold in the
case of divergent ﬂows as well, with Gmax ∼ f (Kn)Re2
where f (Kn) is a weak function of Kn. At higher divergences, where the velocity proﬁle is close to separation at
the wall, there is a clear deviation from the power law.
This could be of theoretical interest, and merits further
investigation.
For the streamwise-independent modes (α = 0) our
ﬁnding that the velocity proﬁle, and thus the level of divergence, do not aﬀect the transient growth, are consistent
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shows that unlike linear instability, the transient growth is not
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with earlier analyses on boundary layers [17,18]. However,
at this point we do not have an analytical explanation
for the insensitivity to divergence. Note that the OrrSommerfeld and Squire equations reduce in this case to
1
Re



2
∂4v
2∂ v
−
2β
+ β4v
∂y 4
∂y 2

ωi η +

1
Re




= ωi


∂2v
2
− β v , (14)
∂y 2



∂2η
β 2 η − 2 = −iβU  v.
∂y

lower than in a plane channel in spite of the presence of
wall slip. We predict that in the presence of divergence
and slip, route to chaos is via linear instability for channel and hope to motivate experimental veriﬁcation of this
assertion. We thus expect that in the presence of local divergence a ﬁnite amplitude growth of disturbance will lead
to turbulence, irrespective of background noise or slip.
We have considered only Jeﬀery-Hamel ﬂows, representing long channels with constant divergences, but our
results are relevant to channels of arbitrary geometry with
local divergences extending to a few channel widths. We
have checked that numerical proﬁles obtained in such
channels match closely with Jeﬀery-Hamel proﬁles. Restricting ourselves to situations where the inlet ﬂow is relatively quiet, we have not touched upon the role of nonlinearity here, but there are several interesting questions,
such as whether a nonlinear self-sustaining mechanism of
the general class of [19] would be in operation or whether
nonlinear traveling-wave solutions [20,21] will be observed.
We acknowledge ﬁnancial support from the Defence R&D
Organisation, Government of India.
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