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Abstract—Tight closed form lower bounds for the average bit
error rate (BER) are derived for a dual hop cooperative network
employing nonregenerative relays for the multiple input multiple
output (MIMO) relay channel experiencing Rayleigh fading. The
bounds are obtained for three different nonregenerative relaying
schemes. The lower bounds for the BER are obtained using the
moment generating function (MGF) approach by evaluating the
MGF of the end-to-end equivalent signal to noise ratio (SNR)of
the system. From the BER expressions obtained, we also show
that the diversity order for the MIMO Relay cooperative system
with each relay having M antennas increases approximately by
a factor M from that of a system with single-antenna relays.
Simulation results confirm that the analytical expressionsfor
the lower bounds are very tight and can thus be used to get
approximate values of the BER.

Index Terms—MIMO Relay, Maximal Ratio Combining
(MRC), Space-Time Coding (STC), Amplify and Forward (AF)

I. I NTRODUCTION

Cooperative diversity has recently become a subject of
significant interest in wireless communications as it realizes
the performance of MIMO systems through multiple relays
instead of having multiple transmit or receive antennas at the
source and destination. Thus, instead of multiple antennasat
the mobile user, antenna sharing among various users leads to
improvement in the system performance.

The relays in a cooperative network may either be regener-
ative (decode and forward) or nonregenerative (amplify and
forward). For nonregenerative relays, the amplifier gain at
the relay may depend on the channel gain in the previous
hop or be fixed (blind). The end-to-end SNR for a multihop
amplify and forward (AF) based network with relays having
single antenna was first derived in [1]. This was used to find
expressions for the end-to-end BER and outage probability for
systems with a single relay in [2] and for multihop relays in
[3]. A comprehensive analytical treatment of the performance
of dual hop cooperative networks with nonregenerative relays
is available in [4]. For AF cooperative networks with multiple
relays and channel state information (CSI) based gains at
the relays, bounds on the performance using MRC at the
destination were first provided in [5] and later improved in
[6]. All this work considered a single antenna at each relay.

Fig. 1. Multiantenna based relay model for cooperative diversity.

In this paper, we consider an AF based cooperative system,
henceforth called as MIMO relay system [7] with multiple
relays where each relay supports multiple antennas. While
relay diversity was introduced due to practical constraints on
the number of antennas at the mobile station, the MIMO relay
system is quite useful for communication across multiple base
stations in large communication networks. Further, MIMO
relay techniques are also feasible in the adhoc networking as
the mobile station can support upto two antennas [8].

We propose an AF based diversity scheme where the same
set of antennas are used at the relay to extract receive diversity
on the source-relay link with MRC and transmit diversity on
the relay-destination link with space-time block codes (STBC)
[9], [10]. In the process, the relay combines the symbols
received at the antennas and without decoding, waits for a
few time slots depending on the size of the space-time code
and then transmits the combined symbols using STC with CSI
based gain. Tight lower bounds on the BER are obtained in



closed form from the end-to-end equivalent SNR using the
MGF approach. From the expressions obtained, we show that
the overall diversity of the system with each relay having M
antennas increases approximately by a factor M from that of a
system with single-antenna relays. The simulation resultsand
the computed lower bounds show that there is a significant
coding gain in a MIMO relay system with one relay with two
antennas over a system with two relays with one antenna each,
though the total number of source-destination paths in boththe
systems are the same. We also evaluate two simpler relaying
schemes. In the first, the relays do MRC and the combined
signal is directly relayed through only a single antenna. In
the second, the relays use the received signals from all the
antennas and use them directly to construct the space-time
codeword for relaying through all the antennas. Tight lower
bounds on the BER are also obtained for these schemes. The
degradation of performance of these schemes compared to the
MRC-STC relaying scheme are assessed using these analytical
bounds on the BER as well as the simulation results.

In Section II, we present the system model and three
relaying schemes. In Section III, lower bounds on the BER
for these three relaying schemes are derived. The diversity
order of the MRC-STC relaying scheme is also derived in
this section. Simulation results for the BER of these schemes
along with the corresponding lower bounds are presented in
Section IV. The effect of the relay position, and BER of
comparable single-antenna relay systems are also discussed
with simulation results. Section V concludes the paper.

II. SYSTEM MODEL

We extend the model in [11] so that, as shown in Fig.
1, the source (S), relays (R) and the destination (D) may
now support multiple antennas. There areN relays in the
system. The source hasMs transmit antennas, ther-th relay
hasMr antennas that are used for reception on the S-R link
and transmission on the R-D link, and the destination has
Md receive antennas. All transmissions are on orthogonal
channels using binary phase shift keying (BPSK). We restrict
ourselves to the case ofMs = Md = 1 for simplicity, though
the analytical results can be easily extended to more general
values. Further, the transmit powerEr available at the relay
is assumed to be equally distributed among all the available
antennas. Letx be the symbol transmitted at the source with
energyEs. The corresponding received symbol at thei-th
antenna of ther-th relay is represented byyi

r,s. We denote
the fading coefficients on the S-D, S-R and R-D links asad,s,
ai

r,s andai
d,r respectively. Here the first subscript indicates the

receiver unit, the second subscript indicates the transmitter
unit, and the superscript indicates the antenna index at the
receiver unit. The corresponding additive white Gaussian noise
(AWGN) samples are respectively denoted bynd,s, ni

r,s and
ni

d,r. The received symbol on theS −D andD−R links are
respectively given by

yd,s =
√

Esad,sx + nd,s, and

yi
r,s =

√

Esa
i
r,sx + ni

r,s. (1)

The channels are assumed to be Rayleigh fading. Hencead,s ∼
CN (0, Ωd,s), ai

r,s ∼ CN (0, Ωr,s) and ai
d,r ∼ CN (0, Ωd,r)

are circularly symmetric complex Gaussian random variables
with zero mean and corresponding variancesΩ.,. . Also,
nd,s, n

i
r,s, n

i
d,r ∼ CN (0, N0) with N0 being the noise vari-

ance. The AF mechanism is then used at the relays using dif-
ferent combinations of MRC and STC to achieve cooperative
diversity. These are discussed in the following subsections.

A. Relaying with only MRC at the Relay

Applying MRC at ther-th relay, we have

xr =

Mr
∑

i=1

√

Esa
i∗
r,sy

i
r,s. (2)

The symbolxr is now transmitted by ther-th relay using a
fixed single antenna. The power used for this transmission,
obtained as a direct extension of [12], is given by

βr =

√

1

CrEs + N0
, Cr =

∑Mr

i=1 |ai
r,s|2. (3)

The signal received at the destination can be expressed as

yd,r = βr

√

Erad,rxr + nd,r. (4)

The maximum likelihood (ML) decision at the receiver based
on the combined signal received from the relays and the signal
received from the source, is given by [11]

Re

{

a∗

d,syd,s +

N
∑

r=1

βrCr

√
ES

√
Er

β2
rCrEsEr |ad,r|2 + 1

a∗

d,ryd,r

}

1
>
<
−1

0. (5)

B. Relaying with only STC at the Relay

For STC, we restrict to the case ofMr = 2 and use
the Alamouti code [8] at each relay for transmission, though
our analytical results extend to more generalMr with any
orthogonal space-time code. The received symbol from the
i-th antenna is subjected to the power constraint

βi
r =

√

1

|ai
r,s|2Es + N0

(6)

before using them to form the space-time codeword
(

β1
ry1

r,s β2
ry2

r,s

−β2
ry2∗

r,s β1
ry1∗

r,s

)

. (7)

Here the rows represent the time slots and the columns
represent the transmit antennas. The symbols received at the
destination from ther-th relay in consecutive time slots are
given by

yd,r,1=
√

Er(β
1
ra1

d,ry
1
r,s + β2

ra2
d,ry

2
r,s) + nd,r,1,

yd,r,2=
√

Er(−β2
ra1

d,ry
2∗
r,s + β1

ra2
d,ry

1
r,s) + nd,r,2.

The symbols are combined as

zr =
√

Era
1∗
d,ryd,r,1 +

√

Era
2
d,ry

∗

d,r,2. (8)

Defining Dr =
∑2

i=1 |ai
d,r|2, we obtain, in the same way as

in [11], the ML decision rule

Re

{

a∗

d,syd,s +
N

∑

r=1

β1
r

(β1
r )

2
DrEr + 1

a1∗
r,szr

}

1
>
<
−1

0. (9)

Note that in this scheme, ignoring the delay introduced by the
AF protocol, two time slots are being used to decode only one
symbol.



C. Relaying with MRC and STC at the Relay

Again, we assumeMr = 2 for simplicity. In this scheme,
each relay combines the signals received from all the antennas.
Two combined symbols obtained in two consecutive time slots
are used to form one Alamouti codeword for relaying. The ML
decision rule is given by

Re

{

a∗

d,syd,s +
N

∑

i=1

βrCr

√
Es

β2
rCrDrErEs + 1

zr

}

1
>
<
−1

0. (10)

Unlike the relaying scheme with only STC, the MRC-STC
scheme provides full rate.

For all the schemes discussed in this section, the expression
for the BER can be written asPe =

∫

∞

−∞
Q(

√

2γeq)dγeq,
whereγeq is the equivalent signal to noise ratio (SNR) for the
decision variable in (5), (9) and (10). For BPSK modulation,
this may be expressed [13] in terms of the MGF ofγeq as

Pe =
1

π

∫ π
2

0

Mγeq

(

1

sin2 θ

)

dθ. (11)

III. BER PERFORMANCE ANALYSIS

We define the gamma distribution which will be necessary
for BER performance analysis for different schemes.

Definition 3.1: [14] (Gamma distribution) The probability
density function (PDF) of a random variableγ with gamma
distribution with meanγ and orderm is defined as

pγ(x) =
xm−1e−(x/γ)

γmΓ(m)
. (12)

We define the respective equivalent SNR [2] on the S-D, S-R
and R-D links asγd,s, γr,s, γd,r with γd,s = E[γd,s], γr,s =
E[γr,s] andγd,r = E[γd,r].

We derive the approximate BER expression for different
relaying schemes in the following subsections.

A. BER for relaying with only MRC

From (5), using the approach in [2], we obtain

γd,s =
Es

N0
|ad,s|2, γr,s =

Es

N0
Cr, γd,r =

Er

N0
|ad,r|2. (13)

The equivalent end-to-end SNR can then be expressed as

γeq= γd,s +

N
∑

r=1

γ2
r,sγd,r

1 + γr,s + γr,sγd,r

< γd,s +

N
∑

r=1

γr,sγd,r

1 + γd,r
. (14)

Though this is an upper bound, this gives a very close ap-
proximation forγr,s >> 1. Definingγr = γr,sγd,r/(1+γd,r),
and noting thatγd,s, γr,s and γd,r are all gamma distributed
[15], the MGF ofγr is obtained in (15) from [4, Eq. (27)],
where md,r = 1, mr,s = Mr, γr,s = MrΩr,sEs/N0 and
γd,r = Ωd,rEr/N0 andWλ,µ(.) is the Whittaker function [16].
Also from [13], we have

Mγd,s
(s) =

1

1 + sγd,s

, (16)

whereγd,s = Ωd,sEs/N0. Thus, from (14), (15) and (16) we
obtain

Mγeq
(s) = Mγd,s(s)

N
∏

r=1

Mγr
(s). (17)

Substituting (17) in (11) gives a closed form expression for
the BER.

B. BER for relaying with only STC

For Mr = 2, from (9) we obtain

γd,s =
Es

N0
|ad,s|2, γr,s =

Es

N0
|a1

r,s|2, γd,r =
Er

N0
Dr. (18)

The equivalent end-to-end SNR can then be expressed as

γeq = γd,s +

N
∑

r=1

γr,sγd,r

1 + γr,s + γd,r
. (19)

It is obvious thatγd,s, γr,s, γd,r are all gamma distributed.
Defining γr = γr,sγd,r/ (1 + γr,s + γd,r), we obtain from [6]
an approximate expression forMγr

(s) in (21), wheremFn(.)
is the Hypergeometric function [16]. Also,mr,s = 1, md,r =
Mr, γ̄r,s = Ωr,sEs/N0, and γ̄d,r = MrΩd,rEr/N0. From
(21), (16) and (17) we obtain the expression for the equivalent
MGF, and using it in (11), we get a closed form expression
for the BER.

C. BER for relaying with MRC and STC

From (10), we obtain

γd,s =
Es

N0
|ad,s|2, γr,s =

Es

N0
Cr, γd,r =

Er

N0
Dr. (22)

The equivalent end-to-end SNR can then be expressed as

γeq= γd,s +

N
∑

r=1

γ2
r,sγd,r

1 + γr,s + γr,sγd,r

< γd,s +

N
∑

r=1

γr,sγd,r

1 + γd,r
(23)

Again, this upper bound gives a very good approximation for
γr,s >> 1. Using an approach similar to the one in Section
III.A, an expression for the BER is obtained from (15), (16),
(17) and(11) for mr,s = md,r = Mr, γ̄r,s = MrΩr,sEs/N0,
and γ̄d,r = MrΩd,rEr/N0.

D. Diversity order for MRC-STC

For γd,r >> 1 eq. (16), (17), and (23) gives

Mγeq
(s) ≈ 1

(1 + sγ̄d,s)(1 + s
γ̄r,s

Mr
)2N

. (24)

For differential phase shift keying (DPSK), the BER is given
by Pe = 0.5Mγeq

(1) [13]. From (24), we obtain

Pe ≈ 1

(1 + γ̄d,s)2N+1
, (25)

which suggests that the diversity order is2N + 1.



0 5 10 15 20

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

Average SNR (dB)

A
ve

ra
ge

 p
ro

ba
bi

lit
y 

of
 e

rr
or

 

 
Analy.
Sim

STC

MRC−STC MRC

Fig. 2. Comparison of simulation and analytical results forrelay located at
L = 0.5. Mr = 2, N = 1.

IV. RESULTS AND DISCUSSION

The simulation parameters for our model are similar to those
in [11]. The total power of one unit used by the system is
assumed to be shared by the source and relays, i.e.,Es +
∑M

r=1 Er = 1. Further, the relay energyEr is shared equally
among all theMr antennas at the relay. In our simulations,
we assumedEs = 0.5 and the rest of the energy is equally
shared by the relays. In our simulations, we have assumed
that all the relays are located at the same distance from the
source and also from the destination. The ratio of the distance
of the relays from the source and the distance between the
source and the destination is denoted byL and consequently
Ωr,s ∝ 1/L4.

In Fig. 2, the BER of a MIMO relay system withM1 = 2,
N = 1, andL = 0.5 obtained from simulation and the analyt-
ical bounds are shown against average SNR at the destination.
The analytical plots shown in firm lines are obtained from the
BER expressions resulting from (17) and (11) for STC, MRC
and MRC-STC schemes using Monte Carlo simulations. The
BER values obtained by simulation are indicated by ‘o’. The
plots show that the simulation results follow the analytical
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Fig. 3. Performance of MIMO relay diversity schemes for different relay
locations.L = 0.3 and0.8. Mr = 2, N = 1.

bounds very closely.
Fig. 3 shows the BER bounds obtained from the derived an-

alytical expressions for all the three different relaying schemes
for a single relay with two antennas forL = 0.3 andL = 0.8.
It should be noted that both the BER for relaying with MRC
and relaying with MRC-STC forL = 0.8 overlap and show as
a single curve in the middle. It is interesting to observe that the
performance of all the schemes is much better when the relay
is located closer to the source than the destination. This gives
the impression that the system performance is significantly
influenced by the quality of reception in the S-R link. For
any L, as expected, the MRC-STC scheme performs better
than the other two schemes. However, for system simplicity,
the relaying with only MRC may still be of importance since
it gives, for L = 0.8 the same BER as that of MRC-STC;
and for L = 0.3, it only lacks by about 7 dB coding gain
from MRC-STC. Since MRC efficiently utilizes the S-R links
and STC utilizes the R-D links, this reinforces our observation
that the S-R link is more significant in determining the system
performance.

Fig. 4 shows the BER plots, computed from the analytical

Mγr
(s)= 1 − s

Γ(md,r)

mr,s−1
∑

i=0

i
∑

j=0

(

i

j

)

Γ (md,r + i − j + 1)

(

mr,s

γ̄r,s

)

2i+md,r−j−1

2
(

md,r

γ̄d,r

)

md,r+j−1

2

.

(

s +
mr,s

γ̄r,s

)

−

2i+md,r−j+1

2

exp

(

mr,smd,r

2γ̄d,r (mr,s + sγ̄r,s)

)

W
−

2i+md,r−j+1

2
,

md,r−j

2

(

mr,smd,r

γ̄d,r (mr,s + sγ̄r,s)

)

(15)

Mγr
(s)=

(

mr,s

γ̄r,s

)mr,s
(

md,r

γ̄d,r

)md,r Γ (mr,s + md,r)

Γ (mr,s) Γ (md,r)

1

(md,r/γ̄d,r + mr,s/γ̄d,r + s)md,r+mr,s
(21)

.

[

1

mr,s
2F1

(

1, mr,s + md,r; mr,s + 1;
mr,s/γ̄r,s + s

mr,s/γ̄r,s + md,rγ̄r,s + s

)

+
1

md,r
2F1

(

1, mr,s + md,r; md,r + 1;
md,r/γ̄d,r + s

mr,s/γ̄r,s + md,r/γ̄d,r + s

)]
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Fig. 4. Comparison of the performance of MIMO relay diversity with
traditional cooperative diversity.L = 0.5

approximations obtained in this paper, for a MIMO relay
system with N = 4, Mr = 2, r = 1, . . . , 4 for all the
three schemes. A comparable single antenna relay system with
eight single antenna relays is also evaluated using approximate
derivations from [6] and shown in the figure. For both the
systems, we consideredL = 0.5. The diversity order of a
scheme can be computed from the BER curve since it is
the asymptotic slope of the BER curve. The diversity order
implied by each BER curve is indicated in the figure. The
diversity order shown by the BER curve of the MRC-STC
scheme is same as predicted by (25). It can be observed that
the MIMO relay system with MRC-STC or MRC gives the
same diversity order of nine as the single antenna relay system
having the same total number of relay antennas. However, the
MIMO relay system provides a significant coding gain of 9
dB over the single antenna relay system.

V. CONCLUSIONS

We have discussed the application of MRC on the S-R
link and STC on the R-D link for a MIMO relay channel
individually as well as jointly in the MRC-STC scheme.
For BPSK modulation, we obtained decision rules for bit
detection at the destination for all the proposed schemes. Using
these, along with the equivalent SNR approach, expressions
for the MGF of the equivalent SNR were obtained using
realistic approximations which were then used to compute
the BER. The validity of the approximations was verified
through a comparison of results obtained from our analytical
BER expressions with computer simulations. From the BER
expressions obtained, we also found that the diversity order
for the MIMO relay channel using AF with MRC and MRC-
STC is the same as that of a single antenna multi-relay system
with same number total relay antennas. This agrees with the
claim made in [7] that the maximum diversity achievable
in a relay system is one more than the total number of
relay antennas. For the first time, this has been shown under
practical transmission schemes with analytical closed form
approximation of the probability of error. We also showed that

the relaying scheme with only MRC at the relays achieve the
same diversity order as that with both MRC and STC. So, in
networks where relays with multiple antennas are available,
the MRC-STC relaying scheme should be used. For system
simplicity, the relaying with only MRC may also be a good
option. The comparison with single antenna relay systems
showed that even with a system with the same total number
relay antennas, a MIMO relay system offers significant coding
gain over its single antenna counterpart.
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