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Capacitance and Force Computation due to Direct
and Fringing Effects in MEMS/NEMS Arrays

Prashant N.Kambali and Ashok Kumar Pandey

Abstract—An accurate computation of electrical force is sig-
nificant in analysing the performance of micro and nanoelec-
tromechanical systems. Many analytical and empirical models
are available for computing the forces, especially, for a single set
of parallel plates. In general, these forces are computed based
on the direct electric field between the overlapping areas of the
plates and the fringing field effects. Most of the models, which are
based on direct electric field effect, considers only trivial cases of
fringing field effects. In this paper, we propose different models
which are obtained from the numerical simulations. It is found
to be useful in computing capacitance as well force in simple
and complex configurations consisting of an array of beams and
electrodes. For the given configurations, the analytical models
are compared with the available models and numerical results.
While the percentage error of the proposed model is found to
be under 6% with respect to the numerical results, the error
associated with the analytical model without the fringing field
effects is around 50%. The proposed model can be applied to
the devices in which the fringing field effects are dominant.

Index Terms—Electrostatic force, Fringing force, MEMS,
NEMS, Capacitance, Arrays.

I. INTRODUCTION

TRansduction in microelectromechanical systems
(MEMS) or nanoelectromechanical systems (NEMS)

is mainly based on electrostatic excitation. Electrostatics
forces in these devices are found on the approximation of
parallel plate capacitance with or without fringing effects.
As the dimension of the devices reduces from micro to
nanoscale, the fringing effect plays an important role [1].
The accuracy of the fringing force effects become even more
important when an array of micro/nano beams operate in a
cluster [2], [3] with or without bottom electrodes as shown
in Figure 1. Since the electrostatic forces are obtained from
the capacitance, we focus on the accurate formulation of
capacitance in our analysis in different cases.

Figure 1(a) is one of the idealized parallel plates capacitor
separated by a distance d apart. For a beam of length L, width
b and the thickness h, the capacitance is given by Cb = ε0bL/d
[4], where, ε0 = 8.854× 10−12 F/m is the permittivity of the
free space. However, if the beam is positioned at a distance
of g from the side electrode as shown in Figure 1(b), then the
capacitance is given by Cs = ε0hL/g. For a case described in
Figure 1(c) in which the beam is separated from the bottom
and the side electrodes by distance d and g, respectively, the
capacitance is given by C = Cb+Cs. It is to be noted that the
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fringing effects are neglected for the cases described in Figures
1(a), (b), and (c). Therefore, we term the capacitance obtained
in these cases as that due to the direct effect. When the fringing
effects become significant, as described in Figures 1(d) and (e),
in which the width of the bottom electrode and side electrode
are greater than the width of the beam, respectively, it should
considered in the overall capacitance. For the beam under the
extended bottom electrode, the capacitance is widely computed
by [4], [5]

C = 2πε0

[
ln

(
R+ r +

√
(R+ r)2 − r2

r

)]−1

(1)

where, r = b/2, and R = d for the case shown in Figure 1(d).
However, when the beam and side electrodes form different
configurations with or without extended bottom electrode
as shown in Figures 1(e)-(j), there are hardly any accurate
formulation of capacitances in the literature.

To model the forces under different configurations of beam
and electrodes, most of the study either uses the idealized case
or some approximate empirical model. For example, to model
the electrostatic forces in the dynamic pull-in analysis of a
fixed-fixed microbeam, Nayfeh et al [6] used the direct elec-
trostatic force model without considering the fringing effects.
Gutschmidt and Gottlieb [7] studied the in-plane parametric
vibration of an array of fixed-fixed beams based on the elec-
trostatic model without the fringing field effects. Isacsson et
al [3] described the transverse and the longitudinal parametric
resonances of carbon nanotube arrays with the electrostatic
forces, formulated based on the charge distribution at the end
of tubes. Recently, Hu et al [8] studied pull-in voltages of
a micro curled beam under the effect of electrostatic force
with the fringing field effects based on the formulation in [9].
Dumitru et al [10] also analyzed the transverse vibration of a
microcantilever beam with bottom electrode including the first
order correction for the fringing effect. Linzon et al [11] also
studied the parametric response of a cantilever beam under
the influence of fringing forces from the side electrodes. They
obtained the forces by approximating the numerically obtained
forces from the Intellisuite [12]. To improve the modeling
of fringing effects in parallel plate capacitance, Palmer [13]
used Schwartz-Christoffel conformal mapping transformation
to evaluate the capacitance. Their model is used by Chang [14],
Yuan et al [15] and Hosseini et al [16] to model fringing field
effects in different problems. Chew and Kong [17] formulated
the fringing effects based on the dual integral equations for
circular microstrip disk. Slogget et al. [18] proposed higher
order approximate formulas for capacitance based on the nu-
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Fig. 1. Different configurations consisting of the beam, side electrode and the bottom electrode with and without fringing effect.

merical simulation to capture fringing effects in parallel plate
disc capacitors. Most of these models involve the correction
for a single set of parallel capacitor. To model the capacitance
for multi-strip lines over the ground electrode, Sakurai and
Tamaru [9] proposed simple approximate expressions based
on the numerical solutions for one, two, and three VLSI lines,
respectively. However, the accuracy of their model is limited
to a very simple case of thin wires. Moreover, the application
of their formula to compute capacitance in an array of higher
number of beams and electrodes have not been generalized. In
this paper, we systematically propose an empirical formulation
for the capacitance and force in a simple case of a beam and
bottom electrode and also a beam and side electrode based
on the numerical solution from the COMSOL [20]. After
validating the formula with the available models, we generalize
it to compute capacitance and forces in an array of different
configurations of beams and electrodes. We also compare the
results from the proposed formula with the numerical solution
and the available model for a cantilever type of boundary
condition.

II. NUMERICAL PROCEDURE FOR COMPUTING
CAPACITANCE

In this section, we briefly describe the procedure for com-
puting capacitance using COMSOL multiphysics software
[20]. To make a model, we consider a cantilever beam of
length L, width b, thickness h which is separated from the
bottom electrode by a distance d as shown in Figures 2(a)
and (b). One end of the beam is fixed and other end is free
to have a cantilever type of boundary conditions. To capture
the correct fringing field effects, we sufficiently extend the side
boundaries and the top boundary of the surrounding air around
the beam as shown in Figures 2(a) and (b). The mechanical
and electrical properties of the beam can be prescribed as that
of a Polysilicon having the Young’s modulus of 153 GPa,
the density as 2330 kg/m3, the Poisson’s ratio of 0.23, and
the relative permittivity of 4.5. To find the capacitance, we
use electromechanics interface to solve the coupled equation
governing structural deformation and electrostatic field under

the static equilibrium of the beam in the defined domain as
shown in Figure 2(c). For the static analysis, a voltage of 1 V is
applied to the beam and 0 V is applied to the bottom electrode,
the potential V and electric field E, in the free space can be
obtained by solving the following equations [20]:

∇ · (ε∇V ) = 0, and E = −∇V.

If the total charge is Q and the voltage difference between the
beam and the electrode is V , then the capacitance is given by

C =
|Q|
V
,where, Q =

∫
v

(∇.εE)dv

where, ε is relative permittivity, ε = 1 for the surrounding air.

A. Numerical validation

TABLE I
COMPARISON BETWEEN NUMERICAL RESULTS WITH RESPECT TO THE
STANDARD ANALYTICAL MODELS FOR COMPUTING CAPACITANCE FOR

CONFIGURATIONS SHOWN IN FIGURE 1(A),(B) AND (C).

Dimensions (µm) Capacitance without fringing % diff
Cases g d h Anal. Soln. (A) Num. Soln. (N) N−A

N
Farad (F) Farad (F) ×100

(a) − 1 0.5 Cb =
ε0bL
d

5.31× 10−16 5.32× 10−16 0.18
(b) 0.2 − 0.5 Cs = ε0hL

g

6.64× 10−16 6.65× 10−16 0.15
(c) 0.5 0.5 1 C = Cb + Cs

1.59× 10−15 1.60× 10−15 0.62

To validate the numerical procedure of computing capaci-
tance, we compute the capacitance for three trivial configu-
rations as shown in Figures 1(a), (b) and (c) which are also
mentioned as cases (a), (b) and (c) in Table I. In case (a), a
beam of length L = 30 µm, width b = 2 µm, and thickness
h = 0.5 µm is separated from the bottom electrode by a
distance d = 1 µm. If we consider the surrounding region
simply as that between the beam and the bottom electrode,
the capacitance is given by Cb = ε0bL/d. On comparing the
numerical value with the value obtained from the analytical
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Fig. 2. (a) Front view showing the beam and bottom electrode. (b) Top view of beam and bottom electrode. (c) COMSOL model showing beam, bottom
electrode and free space with direct and fringing Electrostatic field distribution .(d) Normalized capacitance versus number of mesh elements. (e) Normalized
capacitance versus the free domain. (f) Normalized capacitance versus the normalized thickness, h

b
for fixed b = 2 µm such that h is varied from 0.2 to

1µm, (g) Normalized capacitance versus normalized gap, d
b

, for fixed b = 2 µm such that d is varied till 100µm.

model, we get a percentage error of less than 1%. Similarly,
for the case (b) in which the beam length L = 30 µm, width
b = 2 µm, and thickness h = 0.5 µm is separated from the side
electrode by a distance g = 0.2µm, we get a percentage error
of less than 1% when compared with the analytical solution
Cs = ε0hL/g. For case (c) in which a beam L = 30 µm,
width b = 2 µm, and thickness h = 1 µm is separated from
the bottom electrode by d = 0.5 µm and the side electrode
by g = 0.5 µm, the percentage error of numerical results with
respect to the analytical model, C = Cb + Cs, is also found
to be under 1%. In the subsequent analysis, we following the
same procedure to compute capacitance in rest of the cases as
shown in Figure 1.

B. Optimization of the numerical domain

To numerically compute the capacitance in the complex
domains as shown in Figures 1(d)-(j), we first optimize the
mesh parameters to get the converged solution and then extend
the outer boundaries to get invariable value of the capacitance.

For the case shown in Figure 1(d), the beam of length
L = 30 µm, width b = 2 µm, and thickness h = 0.2 µm
is separated from the bottom electrode d = 1 µm . The side
boundaries and top boundary are fixed at a distance 3b from
the surfaces of the beam as shown in Figures 2(a), (b) and (c).
On refining the mesh in the 3D numerical domain from coarse
( 1 × 104 elements) to extra fine mess ( 14 × 104 elements),
the converged value of capacitance is found at around the fine
mesh having ≈ 6 × 104 elements as shown in Figure 2(d).
Figure 2(e) shows the variation of capacitance when the
outer boundaries are extended by a distance of b to 5b. It
shows that the capacitance becomes almost invariable when
the boundaries are extended beyond a distance of 3b to 6b.
Therefore, we extend the outer boundaries in all our analysis
by 3b. Figure 2(f) shows the influence of beam thickness on
the capacitance. It shows that as the thickness to width ratio

(for constant width b = 2 µm) of the beam increases from
0.1 to 0.5 times, the capacitance ratio increases from 2.35 to
2.46 with a percentage difference of 4%. After optimizing the
domain, we obtain the capacitance formula for two different
configurations, namely, a beam and the bottom electrode, and
a beam and the side electrode, respectively. Subsequently, we
propose a generalized formula based on the capacitance of
the above two cases and apply it to find the capacitance in an
arrays of beams and electrodes.

III. CANTILEVER BEAM AND BOTTOM ELECTRODE

In this section, we obtain the capacitance between a can-
tilever type of beam and the bottom electrode separated by a
distance d as shown in Figure 2(a) and (b). Here, the effect
of fringing is also modeled by extending the boundaries of
free domain on the side and top portion of the beam. For a
beam of length L = 30 µm, width b = 2 µm, and thickness
h = 0.2 µm, we numerically obtain the capacitance per unit
length C1 at different values of d/b ratio (varying from 0.03
- 50, for fixed b = 2 µm). Figure 2(g) shows the variation
of C1/Cc with d/b ratio, where, Cc = ε0b

d is the capacitance
per unit length of a parallel plate capacitor without considering
the fringing field effects. It shows that C1 approaches to Cc as
d/b approaches to zero and it increases sharply as d/b varies
from 0.03 to 20. Over the range of d/b from 20 to 50, the
variation of C1/Cc becomes almost invariable. By finding the
numerical fit of the graph as shown in Figure 2(g), we obtain
approximate expressions for the capacitance per unit length,
C1, over the different ranges of d/b ratio as follow:

C1 = [−0.0204
(
d

b

)4

+0.25

(
d

b

)3

−1.2
(
d

b

)2

+3.3

(
d

b

)
+ 1.2]Cc for 0.03 ≤ d

b
≤ 4.5

C1 = [0.00053

(
d

b

)3

− 0.027

(
d

b

)2

+ 0.49

(
d

b

)
+ 4.5]Cc
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Fig. 3. (a) Front view showing the beam and side electrode. (b) Top view of beam and side electrode. (c) COMSOL model showing beam, side electrode
and free space with direct and fringing Electrostatic field distribution.(c) Normalized capacitance versus normalized width, b/g, for fixed g = 0.1 µm such
that b is varied from 0.2 to 7 µm. (d) Normalized capacitance versus normalized bottom gap, d/b, for fixed b = 4 µm such that d is varied from 0 to 20 µm.

for 4.5 ≤ d

b
≤ 20

C1 = [8.79× 10−6

(
d

b

)3

− 0.0013

(
d

b

)2

+ 0.069

(
d

b

)
+ 6.835]Cc for 20 ≤ d

b
≤ 50 (2)

where, Cc = ε0b/d is the capacitance per unit length without
the fringing effects.The corresponding force expressions can
be obtained by differentiating the energy stored in the capacitor
given by eqn. (2) as follows:

F1 =

∣∣∣∣∂U∂d
∣∣∣∣ = ∣∣∣∣ ∂∂d

(
1

2
V 2C1

)∣∣∣∣
F1 =

1

2

ε0V
2

b3(d− w)2
∣∣(−0.0612(d− w)4 + 0.5(d− w)3b

−1.2(d− w)2b2 − 1.2b4)
∣∣ for 0.03 ≤ d

b
≤ 4.5

F1 =
1

2

ε0V
2

b2(d− w)2
∣∣(0.001066(d− w)3 − 0.27(d− w)2b

−4.5b3)
∣∣ for 4.5 ≤ d

b
≤ 20

F1 =
1

2

ε0V
2

b2(d− w)2
∣∣(0.00001758(d− w)3 − 0.00013(d− w)2b

−6.835b3)
∣∣ for 20 ≤ d

b
≤ 50 (3)

Here, d is replaced by (d − w), where, w is assumed to the
uniform deflection of the beam.

To compare the capacitance per unit length from the pro-
posed formula and the models available in the literature, we
take L = 300 µm, b = 20 µm, h = 2 µm, and d = 8 µm
[10]. Figure 4(a) shows the comparison of capacitance per unit
length versus uniform deflection w of the beam varying from
0 to 7 µm. It shows that the proposed model given by eqn. (2)
gives a percentage error of about 4% to 2% with respect to
the numerical result. The empirical model given by Sakurai
and Tamaru [9] gives a percentage error of 12% to 4%. The
widely used analytical model given by eqn. (1)[4], [5] gives a
percentage error of 5% to 32%. The approximate model given
by Meijis and Fokemma [19] an error of 11% to 4%. The
analytical model based on Schwartz−Christoffel conformal
transformation proposed by Chang [14] found to be most
accurate model with the fringing effects with a percentage
error of 4% to 2%. When we compared the numerical results

with the model without including the fringing effects, i.e., Cc,
it gives an error of 55% to 32%. The above comparisons with
the numerical results show that the proposed model is valid
for large operating range, whereas, the the model proposed by
Sakurai and Tamaru [9] is valid for the range 0.03 ≤ d

b ≤ 3.33
and 0.03 ≤ d

h ≤ 3.33 with a percentage error of 6%. Similarly,
we also show the comparison of corresponding electrostatic
force per unit length versus deflection for the present model
given by eqn. (3), the force based on the model by Sakurai and
Tamaru [9], the model used by Dumitru [10], and the model
without fringing effects. All the models give similar variation
with the deflection.

IV. CANTILEVER BEAM AND SIDE ELECTRODE

In this section, we take a beam of length L = 30 µm,
thickness h = 0.2 µm, and width b, which is separated
from the side electrode by distance g = 0.1 µm as shown
in Figure 3(a) and (b). Since most of the planar structure
are placed closer to the substrate, we subdivide this case
into two cases. In the first case, we consider direct effect
and the fringing field effects from the top and the side
domains but neglect the effect from the bottom. Such cases
are obtained by taking d = 0 in Figure 3(a). In the second
case, we vary d to capture the additional fringing effects
due to the gap between the beam and the bottom substrate.
Following the same numerical procedure as mentioned in the
previous section, we make a model as shown in Figure 3(b)
in which the numerical domain is defined by taking half of
the beam width, the side electrode and extended top and side
boundaries. Subsequently, we obtain the numerical results as
shown Figures 3(c) and (d) for the two cases, respectively. It
is also observed that by taking half of the beam width, the
percentage error of the capacitance with respect to that by
taking full beam width and the extended boundary does not
go beyond 1.5%.

Figure 3(c) shows the variation of capacitance per unit
length, C2, with b/g ratio varying from 5 to 70 for the first
case under which d = 0. The numerical fit of the results can be
captured by the following expression over the different range
of b/g ratios as follow

C2 =

[
1.13× 10−6

(
b

g

)3

− 0.00019

(
b

g

)2

+ 0.013

(
b

g

)
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Fig. 4. (a) Comparison of capacitance/unit length versus deflection (w) between present expression C1, Sakurai [9], Kozinsky [5], Chang [14], Meijis and
Fokemma [19], the expression without fringing effects with the numerical solution. (b) Comparison of electrostatic force versus deflection (w) between the
present work, F1, Dumitru [10], Sakurai [9] and the expression without fringing effects for d = 8µm, b = 20µm,h = 2µm, ε0 = 8.854× 10−12 F/m. [10].
(c) Comparison of capacitance/unit length versus deflection (w) between the present expression C2, Palmer [13] and the expression without fringing effect with
the numerical solution for d = 0. The comparison between the present expression C2d with the numerical solution for d = 1µm is also shown. (d) Comparison
of electrostatic force versus deflection (w) between present expression F2 , F2d and the expression without fringing effects for values b = 16µm,g = 5µm,
h = 5µm, ε0 = 8.854× 10−12 F/m. [11].

+ 1.638

]
Cc1 for 2 ≤ b

g
≤ 70 & d = 0, (4)

where, Cc1 = ε0h/g is the capacitance per unit length without
the fringing effects. Similarly, Figure 3(d) shows the variation
of capacitance per unit length, C2d, with d/b ratio varying
from 0 to 5 for b/g = 40. The corresponding numerical fit is
given by the formula

C2d =

[
100

(d
b

)3

− 57
(d
b

)2

+ 11
(d
b

)
+ 2.145

]
Cc1

for 0 ≤ d

b
≤ 0.25

C2d =

[
−0.00316

(d
b

)4

+0.043
(d
b

)3

−0.21
(d
b

)2

+0.44
(d
b

)
+ 2.83

]
Cc1 for 0.25 ≤ d

b
≤ 5 (5)

For d/b > 5, C2d ≈ 3.18Cc1. Finally, a case in which d
is sufficiently large such that the fringing fields effects in
the top as well as the bottom portion become similar, the
capacitance per unit length can be obtained by (2C2 − Cc1)
with a percentage error of about 7% with respect to the
numerical results.

Like the previous case, the force expression can be obtained
by differentiating the energy stored in a capacitor given by
eqn. (4) and (5), respectively.

F2 =
1

2

ε0V
2h

(g − w)5
∣∣∣(−4.52× 10−6b3 +5.7× 10−4b2(g − w)

− 0.026b(g − w)2 − 1.638(g − w)3)
∣∣∣

for 2 ≤ b

g
≤ 70 & d = 0

F2d =
1

2

ε0V
2h

(g − w)2
∣∣∣−100

(d
b

)3

+57
(d
b

)2

−11
(d
b

)
−2.145

∣∣∣
for 0 ≤ d

b
≤ 0.25

F2d =
1

2

ε0V
2h

(g − w)2
∣∣∣0.00316(d

b

)4

− 0.043
(d
b

)3

+0.21
(d
b

)2

− 0.44
(d
b

)
− 2.83

∣∣∣ for 0.25 ≤ d

b
≤ 5 (6)

Here, w is the deflection of the beam with respect to a given
g.

Figure. 4(c) shows the variation of the capacitance per unit
length versus deflection, w, obtained from the proposed model
given by eqn. (4) when d=0 for the configuration having
L = 150 µm, h = 5 µm, b = 16 µm, and g = 5 µm [11]. On
comparing it with the numerical results, it is found that the pro-
posed expression gives a percentage error of 3% to 5% when w
is varied from 0 to 4. We compared the analytical model based
on Schwartz−Christoffel conformal transformation proposed
by Palmer [13] with numerical solutions (for d = 0) it gives
an error of 8% to 36%. We also compare the empirical model
given by eqn. (5) for non-zero value of d = 1 µm with the
numerical results. The percentage error is found to be about
4% to 7%. When we compare the numerical results with the
analytical model without the fringing effects for the case of
d = 0, it gives an error of about 48%. Since, Sakurai and
Tamaru model [9] is not valid for finding capacitance under
the given condition, we have not compared its value with the
present model. Similarly, Figure 4(d) shows the comparison of
electrostatic force per unit length versus deflection for d = 0
and d = 1 using eqn. (6). We also compare the variation of
the forces without considering the fringing field effects. All
the models vary similarly, however, with different magnitudes.
Finally, it is to be noted that the model presented in this
section is unique in capturing the fringing field effect when
a configuration consisting of a beam and side electrode is
considered.

V. APPLICATION TO AN ARRAY OF BEAMS AND
ELECTRODES

In this section, we discuss the application of above mod-
els in evaluating the capacitance in an array of beams and
electrodes. In the first case, we take different combination of
beams and side electrodes. In the second case, we consider
different configurations consisting of beams, side electrodes
and bottom electrode.
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Fig. 5. Comparison of capacitance/unit length versus deflection (w) between the present expression Ceff = nC2, the expression without fringing effects
and Palmer [13] with the numerical results for d = 0. We also present the comparison between the present expression Ceff = nC2d and the numerical
solution for d = 1 µm when (a) n = 2 and (b) n = 4. Comparison of the corresponding electrostatic force versus deflection (w) between present expression
Feff = nF2(d = 0), Feff = nF2d (d = 1 µm) and the expression without fringing effects (d = 0) for (c) n = 2 and (d) n = 4. The other dimensions are
taken as b = 16µm, g = 5µm, h = 5 µm, ε0 = 8.854× 10−12 F/m. [11].

A. Array of beams and side electrodes

In this case, different configurations are formed by taking
different arrangements of beam and electrodes as shown in
Figure 1(f) and (g), respectively. In Figure 1(f), a beam is
separated by two side electrodes by a distance g on each side.
For a case of d=0 in which the fringing field effects from
the bottom electrode is negligible, the electric field lines are
symmetric about the line passing through the middle of the
beam width. Since C2 is the capacitance per unit length for the
configuration (see Figure 3(a)) in which half of the beam width
and the full side electrode is considered, the total capacitance
per unit length for the present case as shown in Figure 1(f)
is twice the value of C2, i.e., 2C2 . Similarly, the capacitance
per unit length for the case shown in Figure 1(g) in which
two beams and three electrodes are found based on the two
different patterns of electric field lines as shown in the upper
portion of Figure 7(c). In one of the patterns, the electric field
lines are similar to the previous case for the beam and the
side electrode located at the ends. In this case, for the two
end effects, the total capacitance per unit length is given by
2C2. In another pattern, the field lines are reduced and they
form similar types of patterns for the combination of beam
and side electrode located in the middle. In this case, the total
capacitance per unit length is given by 2(1 − γ)C2, where
γ is the correction factor to capture reduced C for the inner
beams and electrodes, respectively. However, on comparing
the results with the numerical results, the factor γ is found
to be negligibly small. For n number of beam and electrode
combinations, the effective capacitance per unit length can be
given by Ceff = 2C2 + (n − 2)(1 − γ)C2 = 4C2. Similarly,
the effective force can also be written as Feff = 2F2 + (n −
2)(1− γ)F2 = 4F2.

Figure 5(a) and (b) shows the variation of the capacitance
per unit length versus the beam deflection , w obtained from
the above relation and Palmer [13] when d = 0 for n=2 and
4 . We also compare our model with the numerical result
when d = 1 µm for n=2 and 4. On comparing the results
from the present models with the numerical values, we find
the percentage error of about 8% for both the cases. We also
found that model from Palmer [13] can also be used in this
case for small w. When we compute the capacitance based

on the model without considering the fringing field effects,
the percentage error is found to be about 50% with respect
to the numerical results. Similarly, we show the variation of
forces with the uniform beam deflection w for n=2 and 4 in
Figure 5(c), and (d), respectively, with and without fringing
field effects.

B. Array of beams, side electrodes and bottom electrode

In this section, we apply the formulation developed in the
previous section to find the capacitance per unit length in
different configurations consist of beams, side electrodes and
the bottom electrode as shown in Figures 1(h), (i) and (j).
Such configurations are very important from the point that
they are commonly found in the literature [2], [3]. When we
compute the capacitance per unit length for the combination
of a beam, a side and a bottom electrode as shown in
Figure 1(h), a very approximate value can be obtained from
C1 + C2. However, if we observe the actual field lines in
the combination as shown in Figure 6(d) and compare the
field lines in the individual cases of C1 and C2 as shown
in Figures 6(a) and (b), respectively, the value of C1 + C2

as shown in Figure 6(c) tends to give more value than the
actual as observed in Figure 6(d). Therefore, we introduce a
correction factor ζ such that the effective capacitance per unit
length can be written as Ceff = (C1/2 + C2) (1− ζ) +C1/2,

where, ζ is given by ζ = 0.00075
(
d
g

)2

− 0.025
(
d
g

)
+ 0.32

When we compare the capacitance obtained from this model
with the numerical result as shown in Figure 8(a), we get
an error of about 1 to 4%. On the other hand, Sakurai and
Tamaru model [9] which is valid for this case overpredicts
the value from 3% to 34% as the distance between the
beam and the bottom electrode reduces. However, when we
use the combined model of Palmer [13] and Chang [14], it
gives an error of 4 to 14%. In the case, the model without
considering the fringing effect under predicts the value with
an error of about 50%. Similarly, we find the capacitance
per unit length when a beam is separated from the two side
electrodes and a bottom electrode as shown in Figure 7(b).
Under this condition, the electric field lines as shown in
Figure 7(a) and (b) show that the effective capacitance can be
obtained from Ceff = 2 (C1/2 + C2) (1 − ζ). On comparing
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Fig. 6. Electric field lines showing direct and fringing effects in the configuration consisting of (a) a beam and extended bottom electrode (C1); (b) a beam
and a side electrode (C2); and a beam, side electrode and a bottom electrode (c) when (a) and (b) are added together (C1 + C2) and (d) under the actual
condition.

Fig. 7. (a) Numerically computed electric field lines showing the direct and fringing effects in an array of beams, side electrode and the bottom electrode.
Similar electric field can be described in an array of (b) one beam, two side electrodes and a bottom electrode; and (b) two beams, three side electrodes and
a bottom electrode.

Fig. 8. Comparison of capacitance\unit length versus deflection (w) between present expression Ceff , Sakurai [9], combined model of Palmer [13] and
Chang [14], and the expression without fringing effect with the numerical solution when (a) p = 1, q = 0, r = 1; (b) p = 2, q = 0, r = 0; and (c) p = 2,
q = 2, r = 0; for d = 1µm, b = 2µm, g = 0.1µm, h = 0.2µm, ε0 = 8.854× 10−12 F/m.

the values obtained from the model with the numerical results
as shown in Figure 8(b), we get a percentage error of about
6%. While the values from Sakurai and Tamaru model [9]
gives a percentage error of about 35% and the combined model
of Palmer [13] and Chang [14] gives an error of 4 to 14%,
the model without the fringing effects under predict the values
with about 50% error.

To compute the capacitance per unit length in a configura-
tion which consists of two beams, three side electrodes and
a bottom electrode, the electric field lines can be observed in
different regions as shown in Figure 7(c). Like the previous
section, the effective capacitance in the inner portion is less
than that of the outer region. While the two outer region show
the similar type of electric lines, the inner portion show the
reduced effect which is captured by another correction factor
ξ. Therefore, the effective capacitance per unit length can
be obtained from Ceff = 2Ch(1 − ζ) + 2Ch(1 − ξ), where,
Ch = (C1/2 + C2) and ξ = 1.3ζ. On comparing the values

obtained from the model with the numerical results as shown
in Figure 8(c), we get an error of about 6%. However, the
values from Sakurai and Tamaru model [9] gives a percentage
error of about 35%, the combined model of Palmer [13] and
Chang [14] gives an error of 4 to 14%, the model without
fringing effects give the values of about 45% error. It shows
that the model can be generalized for an array of many beams
and side electrodes with the bottom electrode as follow

Ceff = p

(
C1

2
+ C2

)
(1−ζ)+q

(
C1

2
+ C2

)
(1−ξ)+rC1

2

where, p- represents the end effect and takes a value of either
1 for even number of beam and side electrode combination
or 2 for odd number of beam and side electrode combination,
q- represents the number of inner beam and side electrode
combinations, r- also represent the end effects but it take
a value of 0 for odd number of beam and side electrode
combination or 1 for even number of beam and side electrodes.
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Similarly, the generalized form of the electrostatic force can
be written as

Feff = p

(
F1

2
+ F2

)
(1−ζ)+q

(
F1

2
+ F2

)
(1−ξ)+rF1

2
.

Figure 8(a), (b) and (c) show the variation of electrostatic force
with the uniform beam displacement for the configurations
represented by (p = 1, q = 0, r = 1), (p = 2, q = 0, r =
0), and (p = 2, q = 2, r = 0) as shown in Figure 6(d),
Figures 7(b) and (c), respectively. On comparing its value with
other models, we find that Sakurai and Tamaru model [9] over
predicts the value and the model without the fringing effects
under predicts it in all the cases.

Finally, we state that we systematically obtained approx-
imate model for computing the capacitance as well force
in different configurations of beam and electrodes. Although
the proposed models have been compared with the numerical
results for many different cases under a wide operating range,
their application outside the given range may give some erro-
neous results. Nevertheless, the effectiveness of the proposed
model can be observed from its application in an array of
beams and electrodes.

VI. CONCLUSION

In this work, we have proposed models for computing
capacitance and forces based on the numerical results in simple
as well as complex configurations of beams and electrodes.
We first validate our numerical approach with the standard
formula and then optimize the numerical domain in terms
of outer boundaries and number of elements for computing
capacitance in the non-trivial configurations. Subsequently, we
obtain approximate formulas for two important conditions,
namely, a beam and an extended bottom electrode, and a
beam and the side electrode. These formulas approximate the
numerical values with percentage error of about 2% to 8%.
Finally, we apply these formulas accordingly to evaluate the
capacitance per unit length in an array of beam, side electrodes
and bottom electrode. We found a maximum percentage error
of about 6% with respect to the numerically obtained value.
Based on the proposed formula of capacitance per unit length,
we have also obtained the expression for the electrostatic
forces in all the configurations. On comparing the numerical
results with the model without the fringing field effects, the
error is found to be about 50%. Therefore, we conclude that we
have demonstrated the application of simple formulas based on
direct and fringing field effects to compute forces in different
systems.
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