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Status of hadronic light-by-light contribution
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Status and impact of hadronic vacuum polarization contribution
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Dispersive, e+e− → hadrons (20+ years
of experiments)

Ab-initio lattice QCD(+QED) calculations
are maturing

Difficult problem: scales from 2mπ to sev-
eral GeV enter; cross-checks needed at high
precision

Hybrid window method restricts scales that
enter from lattice/dispersive data

Now first published lattice result with sub-percent precision available (BMW20), cross-checks are crucial to
establish or refute high-precision lattice methodology (same situation as for HLbL)
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Summary of HVP status:

I Decades of e+e− dispersive results suggest a strong tension
(4.2σ)

I A single lattice result (BMW20) suggests only minimal
tension (1.5σ)

How can we move forward in our understanding? Main topic of
this talk.

Two main questions:

I Consistency of BMW20 lattice result with previously know
lattice results

I Consistency of lattice results with R-ratio
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Consistency of BMW20 lattice result with
previously know lattice results
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Diagrams – Isospin limit 2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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Figure 6: Displacement probability for 48c run 1.
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Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e�ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).

9

FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.

Diagrams – QED corrections

and fit d�.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d� and E� and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E� and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.

4 QED and SIB diagrams

We will perform a full first-principles calculation of all O(↵) and O(mu � md)
corrections. The corresponding list of diagrams is given in Figs. 1 and 2.
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Overview of individual contributions



Diagrams – Isospin limit
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where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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Figure 6: Displacement probability for 48c run 1.
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Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e↵ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).
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FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.
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�mfC
(1)
�mf

(t)

+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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FIG. 3. Strong isospin-breaking correction diagrams. The
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with C(t) = 1
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P
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P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the ⌦� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +
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�mfC
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�mf
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+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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priate definition of wt, we can therefore write
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wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the ⌦� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0  10  20  30  40  50  60  70
r

Resulting two-point p(d) from p(r)=(1.5 + r)-5

Figure 6: Displacement probability for 48c run 1.

(a) V (b) S (c) T (d) D1 (e) D2

(f) F (g) D3

Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
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or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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Diagrams – QED corrections

and fit d!.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d! and E! and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E! and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.

4 QED and SIB diagrams

We will perform a full first-principles calculation of all O(↵) and O(mu � md)
corrections. The corresponding list of diagrams is given in Figs. 1 and 2.

(a) V (b) S (c) T (d) Td (e) D1 (f) D1d

(g) D2 (h) D2d (i) F (j) D3

Figure 1: QED corrections

x
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(a) M

x

x

x

(b) R

x

(c) Rd

x

x

x

(d) O

Figure 2: SIB corrections

4

For diagram F we enforce exchange of gluons between the quark loops as otherwise a
cut through a single photon line would be possible. This single-photon contribution is
counted as part of the HVP NLO and not included for the HVP LO.
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and fit d!.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d! and E! and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E! and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.
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and fit d!.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d! and E! and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E! and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.

4 QED and SIB diagrams

We will perform a full first-principles calculation of all O(↵) and O(mu �md)
corrections. The corresponding list of diagrams is given in Figs. 1 and 2.
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Diagrams – Strong isospin breaking

and fit d!.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d! and E! and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E! and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.

4 QED and SIB diagrams

We will perform a full first-principles calculation of all O(↵) and O(mu � md)
corrections. The corresponding list of diagrams is given in Figs. 1 and 2.

(a) V (b) S (c) T (d) Td (e) D1 (f) D1d

(g) D2 (h) D2d (i) F (j) D3

Figure 1: QED corrections

x

x

x

(a) M

x

x

x

(b) R

x

(c) Rd

x

x

x

(d) O

Figure 2: SIB corrections

4

For the HVP R is negligible since ∆mu ≈ −∆md and O is SU(3) and 1/Nc suppressed.

Lehner, Meyer 2020: NLO PQChPT: FV effects in connected and
disconnected cancel but are each significant O(4× 10−10); PQChPT
expects cancellation between connected and disconnected contribution
aSIB, conn.
µ = −aSIB, disc.

µ = 6.9× 10−10
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and fit d!.
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d! and E! and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E! and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
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Do this entire exercise for 24ID and 32ID to estimate discretization errors.
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and fit d!.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
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d! and E! and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E! and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.
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corrections. The corresponding list of diagrams is given in Figs. 1 and 2.
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Attention on light-quark isospin-symmetric contribution and QED
disconnected contribution
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Lattice QCD – Time-Moment Representation

Starting from the vector current Jµ(x) = i
∑

f Qf Ψf (x)γµΨf (x) we may
write

aHVP LO
µ =

∞∑

t=0

wtC (t)

with

C (t) =
1

3

∑

~x

∑

j=0,1,2

〈Jj(~x , t)Jj(0)〉

and wt capturing the photon and muon part of the HVP diagrams
(Bernecker-Meyer 2011).

The correlator C (t) is computed in lattice QCD+QED at physical pion
mass with non-degenerate up and down quark masses including up,
down, strange, and charm quark contributions. The missing bottom
quark contributions are computed in pQCD.
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Lattice QCD – Example of correlation function C (t)
(RBC/UKQCD18)

3
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FIG. 4. Comparison of wtC(t) obtained using R-ratio data
[1] and lattice data on our 64I ensemble.

lation presented here, we only include diagram M. For
the meson masses this corresponds to neglecting the sea
quark mass correction, which we have previously [17] de-
termined to be an O(2%) and O(14%) e↵ect for the pi-
ons and kaons, respectively. This estimate is based on
the analytic fits of (H7) and (H9) of Ref. [17] with ratios
C

m⇡, K

2 /C
m⇡, K

1 given in Tab. XVII of the same reference.
For the hadronic vacuum polarization the contribution of
diagram R is negligible since �mup ⇡ ��mdown and di-
agram O is SU(3) and 1/Nc suppressed. We therefore
assign a corresponding 10% uncertainty to the SIB cor-
rection.

We also compute the O(↵) correction to the vector
current renormalization factor ZV used in C(0) [17, 18]
and find a small correction of approximately 0.05% for
the light quarks.

We perform the calculation of C(0) on the 48I and 64I
ensembles described in Ref. [17] for the up, down, and
strange quark-connected contributions. For the charm
contribution we also perform a global fit using additional
ensembles described in Ref. [22]. The quark-disconnected
contribution as well as QED and SIB corrections are com-
puted only on ensemble 48I.

For the noisy light quark connected contribution, we
employ a multi-step approximation scheme with low-
mode averaging [23] over the entire volume and two levels
of approximations in a truncated deflated solver (AMA)
[24–27] of randomly positioned point sources. The low-
mode space is generated using a new Lanczos method
working on multiple grids [28]. Our improved statisti-
cal estimator for the quark disconnected diagrams is de-
scribed in Ref. [29] and our strategy for the strange quark
is published in Ref. [30]. For diagram F, we re-use point-
source propagators generated in Ref. [31].

The correlator C(t) is related to the R-ratio data
[11] by C(t) = 1

12⇡2

R1
0

d(
p

s)R(s)se�
p

st with R(s) =
3s

4⇡↵2�(s, e+e� ! had). In Fig. 4 we compare a lattice
and R-ratio evaluation of wtC(t) and note that the R-
ratio data is most precise at very short and long dis-
tances, while the lattice data is most precise at interme-
diate distances. We are therefore led to also investigate
a position-space “window method” [11, 32] and write

aµ = aSD
µ + aW

µ + aLD
µ (6)

with aSD
µ =

P
t C(t)wt[1 � ⇥(t, t0,�)], aW

µ =P
t C(t)wt[⇥(t, t0,�) � ⇥(t, t1,�)], and aLD

µ =P
t C(t)wt⇥(t, t1,�), where each contribution is

accessible from both lattice and R-ratio data. We define
⇥(t, t0,�) = [1 + tanh [(t � t0)/�]] /2 which we find to
be helpful to control the e↵ect of discretization errors
by the smearing parameter �. We then take aSD

µ and

aLD
µ from the R-ratio data and aW

µ from the lattice.
In this work we use � = 0.15 fm, which we find to
provide a su�ciently sharp transition without increasing
discretization errors noticeably. This method takes the
most precise regions of both datasets and therefore may
be a promising alternative to the proposal of Ref. [33].

ANALYSIS AND RESULTS

In Tab. I we show our results for the individual as well
as summed contributions to aµ for the window method
as well as a pure lattice determination. We quote sta-
tistical uncertainties for the lattice data (S) and the R-
ratio data (RST) separately. For the quark-connected
up, down, and strange contributions, the computation is
performed on two ensembles with inverse lattice spacing
a�1 = 1.730(4) GeV (48I) as well as a�1 = 2.359(7) GeV
(64I) and a continuum limit is taken. The discretization
error (C) is estimated by taking the maximum of the
squared measured O(a2) correction as well as a simple
(a⇤)4 estimate, where we take ⇤ = 400 MeV. We find
the results on the 48I ensemble to di↵er only a few per-
cent from the continuum limit. This holds for the full
lattice contribution as well as the window contributions
considered in this work. For the quark-connected charm
contribution additional ensembles described in Ref. [22]
are used and the maximum of the above and a (amc)

4

estimate is taken as discretization error. The remain-
ing contributions are small and only computed on the
48I ensemble for which we take (a⇤)2 as estimate of dis-
cretization errors.

For the up and down quark-connected and discon-
nected contributions, we correct finite-volume e↵ects to
leading order in finite-volume position-space chiral per-
turbation theory [34]. Note that in our previous pub-
lication of the quark-disconnected contribution [29], we
added this finite-volume correction as an uncertainty but
did not shift the central value. We take the largest ratio
of p6 to p4 corrections of Tab. 1 of Ref. [35] as systematic
error estimate of neglected finite-volume errors (V). For
the SIB correction we also include the sizeable di↵erence
of the corresponding finite and infinite-volume chiral per-
turbation theory calculation as finite-volume uncertainty.
For the QED correction, we repeat the computation us-
ing an infinite-volume photon (QED1 [36]) and include
the di↵erence to the QEDL result as a finite-volume er-
ror. Further details of the QED1 procedure are provided
as supplementary material.

Large discretization errors at short distance, large finite-volume errors and

statistical errors at large distance
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Window method (introduced in RBC/UKQCD 2018)

We therefore also consider a window method. Following Meyer-Bernecker
2011 and smearing over t to define the continuum limit we write

aµ = aSDµ + aWµ + aLDµ

with

aSDµ =
∑

t

C (t)wt [1−Θ(t, t0,∆)] ,

aWµ =
∑

t

C (t)wt [Θ(t, t0,∆)−Θ(t, t1,∆)] ,

aLDµ =
∑

t

C (t)wtΘ(t, t1,∆) ,

Θ(t, t ′,∆) = [1 + tanh [(t − t ′)/∆]] /2 .

All contributions are well-defined individually and can be computed from
lattice or R-ratio via C (t) = 1

12π2

∫∞
0

d(
√
s)R(s)se−

√
st with

R(s) = 3s
4πα2σ(s, e+e− → had).

aWµ has small statistical and systematic errors on lattice!
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Use these windows as a lattice internal cross-check

An important internal cross-check: Euclidean time windows

Defined in RBC/UKQCD 2018, related to HVP with suppression of very
high and low energies

Hartmut	Wittig
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Status of consistency of lattice results

Significant difference between published high-precision LQCD
results (BMW20 and RBC/UKQCD18) for window with
t0 = 0.4fm and t1 = 1.0fm:

aBMW20
W = 207.3(1.4)× 10−10 , (1)

a
RBC/UKQCD18
W = 202.9(1.4)(0.4)× 10−10 (2)

and therefore there is a 2.2σ tension

aBMW20
W − a

RBC/UKQCD18
W = 4.4(2.0)× 10−10 . (3)

Scaled to the total aHVP
µ this corresponds to 15× 10−10

uncertainty on the lattice HVP compared to current 5.5× 10−10

uncertainty of BMW20.

Urgently need new results for this and other windows. Update by
RBC/UKQCD 2018 is in preparation. Hopefully available within two
months. More groups to join. Important: different regulators!
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Continuum extrapolation - What lattice spacing is fine enough?

Logarithmic corrections to an behavior: Husung, Marquard, Sommer Eur.Phys.J.C 80 (2020) 3, 200

BMW 20 - light quark window

Continuum extrapolation - What lattice spacing is fine enough?
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ.  
Our aµ,win

light  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 
and ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10� , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-03418-1.

1. Tanabashi, M. et al. Review of particle physics. Phys. Rev. D 98, 030001 (2018).
2. Bennett, G. W. et al. Final report of the muon E821 anomalous magnetic moment 

measurement at BNL. Phys. Rev. D 73, 072003 (2006).
3. Davier, M., Hoecker, A., Malaescu, B. & Zhang, Z. A new evaluation of the hadronic 

vacuum polarisation contributions to the muon anomalous magnetic moment and to 
α m( )Z

2 . Eur. Phys. J. C 80, 241 (2020); erratum 80, 410 (2020).
4. Keshavarzi, A., Nomura, D. & Teubner, T. g − 2 of charged leptons, α M( )Z

2 , and the hyperfine 
splitting of muonium. Phys. Rev. D 101, 014029 (2020).

5. Colangelo, G., Hoferichter, M. & Stoffer, P. Two-pion contribution to hadronic vacuum 
polarization. J. High Energy Phys. 2019, 006 (2019).

6. Hoferichter, M., Hoid, B. L. & Kubis, B. Three-pion contribution to hadronic vacuum 
polarization. J. High Energy Phys. 2019, 137 (2019).

7. Aoyama, T. et al. The anomalous magnetic moment of the muon in the Standard Model. 
Phys. Rep. 887, 1–166 (2020).

8. Bernecker, D. & Meyer, H. B. Vector correlators in lattice QCD: methods and applications. 
Eur. Phys. J. A 47, 148 (2011).

9. Lautrup, B. E., Peterman, A. & de Rafael, E. Recent developments in the comparison 
between theory and experiments in quantum electrodynamics. Phys. Rep. 3, 193–259 
(1972).

10. de Rafael, E. Hadronic contributions to the muon g−2 and low-energy QCD. Phys. Lett. B 
322, 239–246 (1994).

11. Blum, T. Lattice calculation of the lowest order hadronic contribution to the muon 
anomalous magnetic moment. Phys. Rev. Lett. 91, 052001 (2003).

12. Borsanyi, S. et al. High-precision scale setting in lattice QCD. J. High Energy Phys. 2012, 
010 (2012).

13. Dowdall, R. J., Davies, C. T. H., Lepage, G. P. & McNeile, C. Vus from π and K decay 
constants in full lattice QCD with physical u, d, s and c quarks. Phys. Rev. D 88, 074504 
(2013).

14. Borsanyi, S. et al. Hadronic vacuum polarization contribution to the anomalous magnetic 
moments of leptons from first principles. Phys. Rev. Lett. 121, 022002 (2018).

 198

 200

 202

 204

 206

 208

 210

 212

 214
R

-r
at

io
/la

tt
ic

e
B

lu
m

 e
t a

l.19

Au
bi

n 
et

 a
l.20

Th
is

 w
or

k

(a
lig

ht
   

) is
o

0.000 0.005 0.010 0.015 0.020
a2 (fm2)

SRHO improvement

No improvement

P
,w

in
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ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
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determination, obtained using the experimental data compiled by the authors 
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the lattice QCD results.
Two of the most recent results from phenomenologi-

cal determinations of the moments [64, 70] are also com-
pared in Fig. 27. The results from [70] include exper-
imental datasets for the inclusive cross-section that are
both older and newer than those used in [64]. Results
from [70]’s ‘standard’ selection of datasets were given in
Table XIII and are shown in Fig. 27 in red. We also
show, in orange, the results from the ‘maximal’ set (all
experimental information available at that point) and the
‘minimal’ set (datasets that are needed to cover the full�

s range from 2 GeV to 10.5 GeV without gaps, keeping
the most accurate results). Note that the resonance pa-
rameters are the same for all selections. We see that the
variation with dataset selection covers almost 1� for the
4th moment, but much less for the 6th moment. This is
also reflected in the di�erences between [70] and [64].

These phenomenological analyses must subtract the
‘non-charm’ background from experimental results for
R(e+e� � hadrons) to leave Rc for Eq. (35). Rc is
defined to be the result from diagrams with a charm
quark loop connected to a photon at both ends [64]
i.e. the quark-line connected vector current-current cor-
relator that we study on the lattice. The subtracted
background includes QED e�ects for the non-charm and
singlet (quark-line disconnected) contributions. The re-
mainder, Rc then includes the QED e�ects associated
with the cc loop. The dominant source of uncertainty
in Rc comes from the charmonium resonance (J/� and
��) region and is set by the uncertainty in �ee for these
states. The fractional uncertainty is approximately the
same for all moments [64, 70]. When the (n�2)th root is
taken the fractional uncertainty then falls with increasing
n.

Good agreement is seen between the phenomenological
results and our new lattice results for n = 6, 8 and 10, al-
though the lattice results are systematically at the upper
end of the phenomenological range. The largest discrep-
ancy is a 2.8� tension for the 4th moment between us and
the results of [70] for their minimal selection of datasets.
The tension is 2.4� for the standard selection, and below
2� for the maximal selection and for the results of [64].
The � here is that for the phenomenological results since
the lattice uncertainty is much smaller. Because the 4th
moment dominates the determination of ac

µ, this tension
between lattice QCD+QED and some of the phenomeno-
logical results carries over to ac

µ, to be discussed in the
next section.

The time-moments can also be used to determine a
value for mc by comparing to O(�3

s) continuum QCD
perturbation theory and this was the focus of [64, 70].
We do not do this here because the scale of �s is rather
low in these determinations meaning that uncertainties
from missing higher-order corrections can be substantial.
We prefer instead the method of [27], which enables a
higher scale to be used in the perturbation theory. We
have checked, however that the mc value that would
be obtained from the time-moments is consistent with

TABLE XV. Values of ac
µ on the ensembles of Table I and

the direct quenched QED correction on a subset of those en-
sembles. Those marked with a � and † are at deliberately
mistuned c masses (see caption to Table III). The uncertain-
ties quoted are correlated through the value of MJ/� (for all
ensembles, see text) and ZV (for ensembles at a given �).

Set ac
µ � 109 R0

QED

�
ac

µ

�

1 1.23183(78) -
2 1.24522(75) 1.000478(80)
3 1.25431(77) -
3A 1.25518(49) -
3B 1.25485(48) -
4 1.40782(91) -
6 1.41738(91) 1.001080(89)
6� 1.42370(91) -
8 1.42234(91) -
9 1.47866(97) -
10 1.48514(75) 1.001416(83)
11 1.48853(75) -
12 1.4725(13) 1.00141(15)
13 1.4805(13) -
14 1.4610(33) -
14† 1.4702(33) -
15 1.4572(10) -

FIG. 28. Extrapolation to the continuum physical point of the
connected charm HVP contribution to the anomalous mag-
netic moment of the muon. Di�erent symbols denote results
on groups of ensembles with similar lattice spacing. Results at
deliberately mistuned c quark masses are not plotted but are
included in the fit. The red points correspond to pure QCD,
the light blue points to QCD+QED and the dashed green fit
curve plotted is that for QCD+QED. The continuum result
(red cross) is compared to the result (open black square) ob-
tained by calculating ac

µ from the individually extrapolated
time-moments in Section VI A.

both [27] and the value given in Section IV.

C. ac
µ: Pure QCD and QCD+QED results

To calculate the quark-line connected HVP contribu-
tion to aµ from c quarks, ac

µ, we can either use the physi-

BMW 20 light quark window
HPQCD 20 charm quark full aµ
arXiv:2005.01845

May of course be very di↵erent for light-quark contribution and

charm-quark!

3.7σ tension between BMW20 and R-ratio for Window! Discuss in
second part of talk.

Red line for comparison with next slide



Continuum extrapolation - What lattice spacing is fine enough?

HPQCD 20 charm quark full aµ
arXiv:2005.01845
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results and our new lattice results for n = 6, 8 and 10, al-
though the lattice results are systematically at the upper
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ancy is a 2.8� tension for the 4th moment between us and
the results of [70] for their minimal selection of datasets.
The tension is 2.4� for the standard selection, and below
2� for the maximal selection and for the results of [64].
The � here is that for the phenomenological results since
the lattice uncertainty is much smaller. Because the 4th
moment dominates the determination of ac

µ, this tension
between lattice QCD+QED and some of the phenomeno-
logical results carries over to ac

µ, to be discussed in the
next section.

The time-moments can also be used to determine a
value for mc by comparing to O(↵3

s) continuum QCD
perturbation theory and this was the focus of [64, 70].
We do not do this here because the scale of ↵s is rather
low in these determinations meaning that uncertainties
from missing higher-order corrections can be substantial.
We prefer instead the method of [27], which enables a
higher scale to be used in the perturbation theory. We
have checked, however that the mc value that would
be obtained from the time-moments is consistent with

TABLE XV. Values of ac
µ on the ensembles of Table I and

the direct quenched QED correction on a subset of those en-
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mistuned c masses (see caption to Table III). The uncertain-
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FIG. 28. Extrapolation to the continuum physical point of the
connected charm HVP contribution to the anomalous mag-
netic moment of the muon. Di↵erent symbols denote results
on groups of ensembles with similar lattice spacing. Results at
deliberately mistuned c quark masses are not plotted but are
included in the fit. The red points correspond to pure QCD,
the light blue points to QCD+QED and the dashed green fit
curve plotted is that for QCD+QED. The continuum result
(red cross) is compared to the result (open black square) ob-
tained by calculating ac

µ from the individually extrapolated
time-moments in Section VIA.

both [27] and the value given in Section IV.

C. ac
µ: Pure QCD and QCD+QED results

To calculate the quark-line connected HVP contribu-
tion to aµ from c quarks, ac

µ, we can either use the physi-

RBC 18 charm quark full aµ

3 FIT TO THE DATA, VARIATIONS OF THE FIT, PARAMETER CHOICES AND CUTS5

Figure 3: Result of the (uncorrelated) global fit with the chosen cuts and fit coe�cients (as
highlighted below in Figure 2.

Finest lattice spacing in this extrapolation is green;
approximately corresponds to red line in previous plots

Restricting to fixed lattice spacing range can lead to different discretization errors for different UV regulators;
systematically independent calculations very desirable!
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RESULTS
What if we include the R-ratio in the fits? Would the lattice result be consistent?

Simple quadratic fit gives mixed results.  
If we include the coarsest data point, the agreement with the R-ratio is not great 

(better than the linear fit)

Pre
lim

inar
y

Pre
lim

inar
yRESULTS What about a “perturbation-theory-inspired” fit?  

Polynomials are simple but not physically motivated [compare “old-school” chiral fits]

Expansions of quantities in a2 would have log(a2) terms which we could in principle calculate exactly [e.g., 
Husung, Marquard, Sommer , EPJC 80,  200 (2020)]

As a simple first step:
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Consistency of lattice result with R-ratio
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Tensions in input data, however, already taken into account in WP20
merger of KNT19 and DHMZ19:

A. El-Khadra JETP 07 April 2021
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Tensions between experimental measurements in the  channelπ+π−
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What does tension in windows mean for R-ratio?

If there is a shift in R-ratio, it crucially depends on which energy to understand what
the impact on ∆α and EW precision physics is.

Express Euclidean Windows in time-like region:

aµ =

∫ ∞

0
ds R(s)K(s) (4)

and window

aWµ =

∫ ∞

0
ds R(s)K(s)P(s) . (5)
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Study of windows for different t0 and t1 can give some energy
resolution!
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Below black line, we can use Lellouche-Lüscher-Meyer formalism to
get R(s) from lattice directly! Programs for this by Mainz and
RBC/UKQCD.
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First results for more windows already available - Lehner & Meyer
2020 15

t0/fm t1/fm �/fm �aud,conn.,isospin
µ 1010 �aSIB,conn.

µ 1010

Total 29.9(9.0) 3.8(1.1)
0.0 0.1 0.15 0.0068(21) 0.000103(32)
0.1 0.2 0.15 0.0162(50) 0.000320(100)
0.2 0.3 0.15 0.0299(92) 0.00085(26)
0.3 0.4 0.15 0.046(14) 0.00195(60)
0.4 0.5 0.15 0.065(20) 0.0039(12)
0.5 0.6 0.15 0.089(27) 0.0069(21)
0.6 0.7 0.15 0.123(38) 0.0112(34)
0.7 0.8 0.15 0.169(52) 0.0168(52)
0.8 0.9 0.15 0.229(70) 0.0238(73)
0.9 1.0 0.15 0.301(93) 0.0320(98)
1.0 1.1 0.15 0.38(12) 0.041(13)
1.1 1.2 0.15 0.47(15) 0.051(16)
1.2 1.3 0.15 0.57(17) 0.062(19)
1.3 1.4 0.15 0.66(20) 0.072(22)
1.4 1.5 0.15 0.76(23) 0.083(25)
1.5 1.6 0.15 0.85(26) 0.093(28)
1.6 1.7 0.15 0.93(28) 0.102(31)
1.7 1.8 0.15 1.00(30) 0.110(34)
1.8 1.9 0.15 1.05(32) 0.117(36)
1.9 2.0 0.15 1.10(33) 0.123(38)
0.0 0.2 0.15 0.0230(71) 0.00042(13)
0.2 0.4 0.15 0.076(23) 0.00280(87)
0.4 0.6 0.15 0.154(47) 0.0108(33)
0.6 0.8 0.15 0.293(90) 0.0279(86)
0.8 1.0 0.15 0.53(16) 0.056(17)
0.3 1.0 0.15 1.02(31) 0.096(30)
0.3 1.3 0.15 2.45(75) 0.251(77)
0.3 1.6 0.15 4.7(1.4) 0.50(15)
0.4 1.0 0.15 0.98(30) 0.094(29)
0.4 1.3 0.15 2.40(74) 0.249(76)
0.4 1.6 0.15 4.7(1.4) 0.50(15)
0.4 1.0 0.05 0.92(28) 0.088(27)
0.4 1.0 0.1 0.94(29) 0.091(28)
0.4 1.0 0.2 1.02(31) 0.099(31)

TABLE VI. Finite volume corrections for each window. The
numbers for the light-quark connected isospin-symmetric con-
tribution are plotted in the bottom panel of Fig. 12.

In particular, when connected and disconnected SIB cor-
rections are compared between di↵erent lattice collabo-
rations, performed at di↵erent volumes, this is important
to take into account.

In order to address this issue, we use NLO PQChPT
[50, 65], which yields a correlator for the connected and
disconnected diagrams of Fig. 1,

CNLO,PQ�PT,conn.(t) =
10

9

1

3

1

L3

X

~p

~p2

(Evl
p )2

e�2Evl
p t , (38)

CNLO,PQ�PT,disc.(t) = �1

9

1

3

1

L3

X

~p

~p2

(Evv
p )2

e�2Evv
p t ,

(39)

with

Evl
p =

q
(mvl

⇡ )2 + ~p2 , Evv
p =

p
(mvv

⇡ )2 + ~p2 ,

(mvl
⇡ )2 = B(ml + mv) , (mvv

⇡ )2 = 2Bmv . (40)
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FIG. 12. The top panel shows the continuum, infinite-volume
limit of the connected isospin-symmetric light and strange
windows with t0 = t � 0.05 fm and t1 = t + 0.05 fm and � =
0.15 fm. The bottom panel shows the FVC for light valence
quark mass in the isospin-symmetric limit. The continuum
limit of the very short-distance windows is di�cult to control
as described in Sec. II.

In these expressions L3 is the spatial volume. We then
use Eqs. (11) and (12), to relate this correlator to diagram
M and O, for which we can the compute finite-volume
corrections. We find

@

@mv
CNLO,PQ�PT,conn. =

5

9

@

@mv
c = �10

9
M , (41)

@

@mv
CNLO,PQ�PT,disc. = �1

9

@

@mv
d =

2

9
O . (42)

From Eq. (38) it then follows that

@

@mv
CNLO,PQ�PT,conn.

�����
mv=ml

= �5
@

@mv
CNLO,PQ�PT,disc.

�����
mv=ml

(43)

and therefore that within NLO PQChPT

M = O . (44)

Here: t0 = t, t1 = t + 0.1fm

No results for QED, SIB, and charm contribution yet available.
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First results for more windows already available - Lehner & Meyer
2020

16

t0/fm t1/fm �/fm aud,conn.,isospin
µ 1010 as,conn.,isospin

µ 1010

Total 657(26)(12) 52.83(22)(65)
0.0 0.1 0.15 3.60(00)(59) 0.81(00)(12)
0.1 0.2 0.15 8.649(03)(73) 1.666(01)(12)
0.2 0.3 0.15 14.27(01)(82) 2.57(00)(16)
0.3 0.4 0.15 18.67(02)(35) 3.448(05)(65)
0.4 0.5 0.15 24.617(35)(63) 4.170(07)(20)
0.5 0.6 0.15 29.47(06)(29) 4.666(10)(59)
0.6 0.7 0.15 33.85(10)(37) 4.866(13)(74)
0.7 0.8 0.15 37.71(14)(15) 4.799(16)(39)
0.8 0.9 0.15 39.55(20)(21) 4.505(17)(44)
0.9 1.0 0.15 40.77(27)(31) 4.058(19)(65)
1.0 1.1 0.15 40.86(44)(41) 3.527(19)(76)
1.1 1.2 0.15 39.81(54)(42) 2.973(19)(75)
1.2 1.3 0.15 38.10(65)(51) 2.441(18)(77)
1.3 1.4 0.15 35.54(77)(53) 1.955(17)(67)
1.4 1.5 0.15 32.70(88)(56) 1.534(15)(60)
1.5 1.6 0.15 29.50(100)(58) 1.181(13)(52)
1.6 1.7 0.15 25.51(81)(66) 0.894(12)(44)
1.7 1.8 0.15 22.20(85)(66) 0.667(10)(37)
1.8 1.9 0.15 19.18(86)(67) 0.491(08)(30)
1.9 2.0 0.15 16.59(89)(75) 0.357(07)(24)
0.0 0.2 0.15 12.25(00)(52) 2.48(00)(11)
0.2 0.4 0.15 32.95(03)(48) 6.02(01)(10)
0.4 0.6 0.15 54.08(10)(29) 8.837(18)(74)
0.6 0.8 0.15 71.55(24)(38) 9.666(29)(91)
0.8 1.0 0.15 80.33(47)(44) 8.56(04)(10)
0.3 1.0 0.15 224.6(0.8)(1.1) 30.51(08)(25)
0.3 1.3 0.15 343.1(2.6)(2.0) 39.45(13)(35)
0.3 1.6 0.15 441.0(5.1)(3.4) 44.12(17)(49)
0.4 1.0 0.15 205.97(79)(90) 27.06(08)(21)
0.4 1.3 0.15 324.6(2.6)(1.9) 36.01(13)(36)
0.4 1.6 0.15 422.4(5.1)(3.5) 40.68(17)(51)
0.4 1.0 0.05 216.5(0.8)(6.2) 27.9(0.1)(1.1)
0.4 1.0 0.1 209.80(77)(79) 27.70(08)(21)
0.4 1.0 0.2 202.10(82)(91) 26.24(08)(21)

TABLE VII. Final results, including finite-volume correc-
tions, for connected isospin-symmetric light and strange quark
contributions.

Contribution Result ⇥1010 From
Total 714(27)(13)
ud, conn., isospin 657(26)(12) Table VII
s, conn., isospin 52.83(22)(65) Table VII
c, conn., isospin 14.3(0.0)(0.7) Ref. [21]
uds, disc., isospin -11.2(3.3)(2.3) Ref. [21]
SIB, conn. 9.0(0.8)(1.2) Table IX
SIB, disc. -6.9(0.0)(3.5) Eq. (45)
QED, conn. 5.9(5.7)(1.7) Ref. [21]
QED, disc. -6.9(2.1)(2.0) Ref. [21]

TABLE VIII. We combine new results obtained in this paper
with results for the missing contributions from RBC/UKQCD
[21] to our total result for aHVP LO

µ .

Since the connected plus disconnected SIB enters as
M � O, indeed the total two-pion contributions cancel.
In this work, we use the separate expressions for the con-
nected and disconnected SIB FVC and quote the appro-
priate infinite-volume result for aSIB,conn.

µ in addition to

the finite-volume result aSIB,conn.,fv
µ for di↵erent windows

t0/fm t1/fm �/fm aSIB,conn.,fv
µ 1010 aSIB,conn.

µ 1010

Total 5.25(76)(29) 9.0(0.8)(1.2)
0.0 0.1 0.15 -0.002(00)(17) -0.002(00)(17)
0.1 0.2 0.15 0.0015(01)(23) 0.0019(01)(23)
0.2 0.3 0.15 0.007(00)(23) 0.008(00)(23)
0.3 0.4 0.15 0.009(01)(11) 0.011(01)(11)
0.4 0.5 0.15 0.0266(10)(16) 0.0305(10)(22)
0.5 0.6 0.15 0.0462(16)(91) 0.0531(16)(93)
0.6 0.7 0.15 0.077(02)(11) 0.088(02)(12)
0.7 0.8 0.15 0.1159(35)(66) 0.1327(35)(90)
0.8 0.9 0.15 0.1502(46)(76) 0.174(05)(11)
0.9 1.0 0.15 0.189(06)(14) 0.221(06)(18)
1.0 1.1 0.15 0.255(20)(19) 0.296(20)(24)
1.1 1.2 0.15 0.296(24)(22) 0.348(24)(28)
1.2 1.3 0.15 0.331(27)(29) 0.393(27)(36)
1.3 1.4 0.15 0.348(31)(29) 0.420(31)(38)
1.4 1.5 0.15 0.356(34)(30) 0.439(34)(41)
1.5 1.6 0.15 0.351(37)(27) 0.443(37)(41)
1.6 1.7 0.15 0.297(18)(26) 0.399(18)(42)
1.7 1.8 0.15 0.270(18)(25) 0.381(18)(43)
1.8 1.9 0.15 0.243(18)(24) 0.361(18)(44)
1.9 2.0 0.15 0.219(18)(26) 0.342(18)(47)
0.0 0.2 0.15 -0.001(00)(14) -0.000(00)(14)
0.2 0.4 0.15 0.016(01)(13) 0.019(01)(13)
0.4 0.6 0.15 0.0729(26)(83) 0.0836(26)(91)
0.6 0.8 0.15 0.193(06)(12) 0.221(06)(16)
0.8 1.0 0.15 0.339(10)(19) 0.395(10)(27)
0.3 1.0 0.15 0.615(19)(35) 0.711(19)(49)
0.3 1.3 0.15 1.47(12)(10) 1.72(12)(13)
0.3 1.6 0.15 2.53(21)(17) 3.03(21)(24)
0.4 1.0 0.15 0.606(18)(31) 0.700(18)(46)
0.4 1.3 0.15 1.47(12)(10) 1.72(12)(13)
0.4 1.6 0.15 2.53(21)(18) 3.03(21)(25)
0.4 1.0 0.05 0.63(02)(19) 0.72(02)(20)
0.4 1.0 0.1 0.603(18)(35) 0.693(18)(48)
0.4 1.0 0.2 0.615(19)(31) 0.715(19)(47)

TABLE IX. We provide results for the connected SIB con-
tribution both at finite volume (aSIB,conn.,fv

µ ) and at infinite

volume aSIB,conn.
µ . While the sum of the connected and discon-

nected SIB contribution have likely small finite-volume cor-
rections, aSIB,conn.

µ itself receives a significant correction. This
is important for comparisons of this contribution between dif-
ferent lattice results.

in Tab. IX.
It is instructive to consider the infinite-volume NLO

PQChPT results

aSIB,conn.,NLOPQ�PT
µ = �aSIB,disc.,NLOPQ�PT

µ (45)

= 6.9(3.5)10�10 , (46)

where we add a 50% systematic error. In these expres-
sions, we use m⇡ = 135 MeV since in this context we are
interested in the evaluation of mass-derivatives at the
isospin symmetric limit (mv = ml).

V. DISCUSSION AND CONCLUSION

We summarize our results for the total contributions to
aHVP LO

µ in Tab. VIII and compare this result in Fig. 14
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t0/fm t1/fm �/fm aud,conn.,isospin
µ 1010 as,conn.,isospin

µ 1010

Total 657(26)(12) 52.83(22)(65)
0.0 0.1 0.15 3.60(00)(59) 0.81(00)(12)
0.1 0.2 0.15 8.649(03)(73) 1.666(01)(12)
0.2 0.3 0.15 14.27(01)(82) 2.57(00)(16)
0.3 0.4 0.15 18.67(02)(35) 3.448(05)(65)
0.4 0.5 0.15 24.617(35)(63) 4.170(07)(20)
0.5 0.6 0.15 29.47(06)(29) 4.666(10)(59)
0.6 0.7 0.15 33.85(10)(37) 4.866(13)(74)
0.7 0.8 0.15 37.71(14)(15) 4.799(16)(39)
0.8 0.9 0.15 39.55(20)(21) 4.505(17)(44)
0.9 1.0 0.15 40.77(27)(31) 4.058(19)(65)
1.0 1.1 0.15 40.86(44)(41) 3.527(19)(76)
1.1 1.2 0.15 39.81(54)(42) 2.973(19)(75)
1.2 1.3 0.15 38.10(65)(51) 2.441(18)(77)
1.3 1.4 0.15 35.54(77)(53) 1.955(17)(67)
1.4 1.5 0.15 32.70(88)(56) 1.534(15)(60)
1.5 1.6 0.15 29.50(100)(58) 1.181(13)(52)
1.6 1.7 0.15 25.51(81)(66) 0.894(12)(44)
1.7 1.8 0.15 22.20(85)(66) 0.667(10)(37)
1.8 1.9 0.15 19.18(86)(67) 0.491(08)(30)
1.9 2.0 0.15 16.59(89)(75) 0.357(07)(24)
0.0 0.2 0.15 12.25(00)(52) 2.48(00)(11)
0.2 0.4 0.15 32.95(03)(48) 6.02(01)(10)
0.4 0.6 0.15 54.08(10)(29) 8.837(18)(74)
0.6 0.8 0.15 71.55(24)(38) 9.666(29)(91)
0.8 1.0 0.15 80.33(47)(44) 8.56(04)(10)
0.3 1.0 0.15 224.6(0.8)(1.1) 30.51(08)(25)
0.3 1.3 0.15 343.1(2.6)(2.0) 39.45(13)(35)
0.3 1.6 0.15 441.0(5.1)(3.4) 44.12(17)(49)
0.4 1.0 0.15 205.97(79)(90) 27.06(08)(21)
0.4 1.3 0.15 324.6(2.6)(1.9) 36.01(13)(36)
0.4 1.6 0.15 422.4(5.1)(3.5) 40.68(17)(51)
0.4 1.0 0.05 216.5(0.8)(6.2) 27.9(0.1)(1.1)
0.4 1.0 0.1 209.80(77)(79) 27.70(08)(21)
0.4 1.0 0.2 202.10(82)(91) 26.24(08)(21)

TABLE VII. Final results, including finite-volume correc-
tions, for connected isospin-symmetric light and strange quark
contributions.

Contribution Result ⇥1010 From
Total 714(27)(13)
ud, conn., isospin 657(26)(12) Table VII
s, conn., isospin 52.83(22)(65) Table VII
c, conn., isospin 14.3(0.0)(0.7) Ref. [21]
uds, disc., isospin -11.2(3.3)(2.3) Ref. [21]
SIB, conn. 9.0(0.8)(1.2) Table IX
SIB, disc. -6.9(0.0)(3.5) Eq. (45)
QED, conn. 5.9(5.7)(1.7) Ref. [21]
QED, disc. -6.9(2.1)(2.0) Ref. [21]

TABLE VIII. We combine new results obtained in this paper
with results for the missing contributions from RBC/UKQCD
[21] to our total result for aHVP LO

µ .

Since the connected plus disconnected SIB enters as
M � O, indeed the total two-pion contributions cancel.
In this work, we use the separate expressions for the con-
nected and disconnected SIB FVC and quote the appro-
priate infinite-volume result for aSIB,conn.

µ in addition to

the finite-volume result aSIB,conn.,fv
µ for di↵erent windows

t0/fm t1/fm �/fm aSIB,conn.,fv
µ 1010 aSIB,conn.

µ 1010

Total 5.25(76)(29) 9.0(0.8)(1.2)
0.0 0.1 0.15 -0.002(00)(17) -0.002(00)(17)
0.1 0.2 0.15 0.0015(01)(23) 0.0019(01)(23)
0.2 0.3 0.15 0.007(00)(23) 0.008(00)(23)
0.3 0.4 0.15 0.009(01)(11) 0.011(01)(11)
0.4 0.5 0.15 0.0266(10)(16) 0.0305(10)(22)
0.5 0.6 0.15 0.0462(16)(91) 0.0531(16)(93)
0.6 0.7 0.15 0.077(02)(11) 0.088(02)(12)
0.7 0.8 0.15 0.1159(35)(66) 0.1327(35)(90)
0.8 0.9 0.15 0.1502(46)(76) 0.174(05)(11)
0.9 1.0 0.15 0.189(06)(14) 0.221(06)(18)
1.0 1.1 0.15 0.255(20)(19) 0.296(20)(24)
1.1 1.2 0.15 0.296(24)(22) 0.348(24)(28)
1.2 1.3 0.15 0.331(27)(29) 0.393(27)(36)
1.3 1.4 0.15 0.348(31)(29) 0.420(31)(38)
1.4 1.5 0.15 0.356(34)(30) 0.439(34)(41)
1.5 1.6 0.15 0.351(37)(27) 0.443(37)(41)
1.6 1.7 0.15 0.297(18)(26) 0.399(18)(42)
1.7 1.8 0.15 0.270(18)(25) 0.381(18)(43)
1.8 1.9 0.15 0.243(18)(24) 0.361(18)(44)
1.9 2.0 0.15 0.219(18)(26) 0.342(18)(47)
0.0 0.2 0.15 -0.001(00)(14) -0.000(00)(14)
0.2 0.4 0.15 0.016(01)(13) 0.019(01)(13)
0.4 0.6 0.15 0.0729(26)(83) 0.0836(26)(91)
0.6 0.8 0.15 0.193(06)(12) 0.221(06)(16)
0.8 1.0 0.15 0.339(10)(19) 0.395(10)(27)
0.3 1.0 0.15 0.615(19)(35) 0.711(19)(49)
0.3 1.3 0.15 1.47(12)(10) 1.72(12)(13)
0.3 1.6 0.15 2.53(21)(17) 3.03(21)(24)
0.4 1.0 0.15 0.606(18)(31) 0.700(18)(46)
0.4 1.3 0.15 1.47(12)(10) 1.72(12)(13)
0.4 1.6 0.15 2.53(21)(18) 3.03(21)(25)
0.4 1.0 0.05 0.63(02)(19) 0.72(02)(20)
0.4 1.0 0.1 0.603(18)(35) 0.693(18)(48)
0.4 1.0 0.2 0.615(19)(31) 0.715(19)(47)

TABLE IX. We provide results for the connected SIB con-
tribution both at finite volume (aSIB,conn.,fv

µ ) and at infinite

volume aSIB,conn.
µ . While the sum of the connected and discon-

nected SIB contribution have likely small finite-volume cor-
rections, aSIB,conn.

µ itself receives a significant correction. This
is important for comparisons of this contribution between dif-
ferent lattice results.

in Tab. IX.
It is instructive to consider the infinite-volume NLO

PQChPT results

aSIB,conn.,NLOPQ�PT
µ = �aSIB,disc.,NLOPQ�PT

µ (45)

= 6.9(3.5)10�10 , (46)

where we add a 50% systematic error. In these expres-
sions, we use m⇡ = 135 MeV since in this context we are
interested in the evaluation of mass-derivatives at the
isospin symmetric limit (mv = ml).

V. DISCUSSION AND CONCLUSION

We summarize our results for the total contributions to
aHVP LO

µ in Tab. VIII and compare this result in Fig. 14

More results expected by other collaborations soon!
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What can we expect from LQCD in the coming years?

I More published results with high precision with different
regulators for the standard window t0 = 0.4fm, t1 = 1.0fm,
∆ = 0.15fm. This will clarify the 2.2σ tension between
BMW20 and RBC/UKQCD18 for this quantity.

I More results for different windows, which will give energy
resolution to locate possible remaining tension with R-ratio in
time-like energy. After this: any impact on ∆α and EW
precision physics?

I More results of complete high-precision HVP results from
major lattice collaborations. RBC/UKQCD18 aims for end of
this year.
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Outlook

I Expect more lattice HVP calculations at few per-mille level precision
which allows for proper scrutiny at high precision; For total aµ as
well as windows!

I Data-driven dispersive results will improve with expected
experimental results from Belle II, BESIII, CMD-3, and SND

I MUonE at CERN will provide complementary measurements for the
HVP

I Theory Initiative will publish updated SM predictions as experiment
and theory improves; provides platform for cross-checks and
establishing new methodology

Thank You!
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Muon g-2: experiment vs theory

aSM
µ = aQED

µ + aWeak
µ + aHVP

µ + aHLbL
µ = 116591810 (43) ⇥ 10�11
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[M. Davier et al, arXiv:1908.00921] 

(a) Fractional contributions to ahad, LO VP
µ .

(b) Fractional contributions to �↵
(5)
had(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad, LO VP
µ (upper panel) and �↵

(5)
had(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad, LO VP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵
(5)
had(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min/d.o.f. inflation. The fractional contribution to the (error)2 from
the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad, LO VP
µ = (693.26 ± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr) ⇥ 10�10

= (693.26 ± 2.46tot) ⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad, LO VP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad, NLO VP
µ = (�9.82 ± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr) ⇥ 10�10

= (�9.82 ± 0.04tot) ⇥ 10�10 . (3.29)
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Zhiqing Zhang (LAL, Orsay) /15+12The muon g-2 theory initiatives, Seattle, Sept 9-13, 2019

0 1 2 3 4 5
   [GeV]s

0

1

2

3

4

5

6

R
(s

)

ρ ω φ ψJ/ (2S)ψ

3770
ψ

4040
ψ

4160
ψ

4415
ψ

 hadrons data→ -e+e
(HVPTools compilation)

BES
KEDR
pQCD (massless)

Davier-Hoecker-Malaescu-Zhang, 2019

Summary

!15

❒ A few new measurements/updates included 

❒ The fit based on analyticity and unitarity improves the precision by ~50%  
    for energy range below 0.6 GeV 

❒ The large discrepancy between BABAR and KLOE in the π+π- channel is 
not covered by the usual uncertainty estimation (even when local error 
inflation is applied), we quote this discrepancy as an additional 
(dominant) uncertainty in our new evaluation 

❒ We need more precise and                                                          
independent measurements                                                                    
to resolve the discrepancy
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input, and the isospin-symmetry-breaking effects were included only 
as an estimate.

The second issue is noise reduction. Our result for aµ is obtained 
as an integral over the conserved current–current correlation func-
tion, from zero to infinite time separation, as shown in equation (2). 
For large separations the correlator is noisy, and this noise manifests 
itself as a statistical error in aµ. To reach the desired accuracy on aµ, one 
needs high precision at every step. Over 20,000 configurations were 
accumulated for our 27 ensembles on L ≈ 6 fm lattices (L is the spatial 
extent of the lattice). In addition, we include a lattice with L ≈ 11 fm. 
The most important improvement over our earlier aµ determination 
in ref. 14 is the extensive use of analysis techniques that are based on the 
lowest eigenmodes of the Dirac operator; see, for example, refs. 15–18.  
An accuracy gain of about an order of magnitude can be reached using 
this technique for aµ (refs. 19,20).

The third issue is isospin-symmetry breaking. The precision needed 
cannot be reached with pure, isospin-symmetric QCD. Thus, we 
include QED effects and allow the up and down quarks to have differ-
ent masses. These effects are included both in the scale determination 
and in the current–current correlators. We note that the separation 
of isospin-symmetric and isospin-symmetry-breaking contributions 
requires a convention, which we discuss in detail in Supplementary 
Information. Strong–isospin breaking is implemented by taking deriva-
tives of QCD + QED expectation values with respect to up/down quark 
masses and computing the resulting observables on isospin-symmetric 
configurations21. We note that the first derivative of the fermionic 
determinant vanishes. We also implement derivatives with respect 
to the electric charge22. It is useful to distinguish between the electric 
charge in the fermionic determinant (es or sea electric charge) and in 
the observables (ev or valence electric charge). The complete list of 
graphs that should be evaluated are shown in Fig. 1 with our numerical 
results for them.

The final observable is given as a Taylor expansion around the 
isospin-symmetric, physical-mass point with zero sea and valence 
charges. Instead of the quark masses, we use the pseudoscalar meson 
masses of pions and kaons, which can be determined with high preci-
sion. Using the expansion coefficients, we extrapolate in the charges, 
in the strong–isospin symmetry-breaking parameter and in the lattice 
spacing, and interpolate in the quark masses to the physical point. Thus, 
we obtain aµ and its statistical and systematic uncertainties.

The fourth issue is the extrapolation to the infinite-volume and con-
tinuum limit. The standard wisdom for lattice calculations is that MπL > 4 
should be taken, where Mπ is the mass of the pion. Unfortunately, this 
is not satisfactory in the present case: aµ is far more sensitive to L than 
other quantities, such as hadron masses, and large volumes are needed 
to reach per-thousand accuracy. For less volume-sensitive quantities, 
we use well established results to determine the finite-volume correc-
tions on the pion decay constant23 and on charged hadron masses24–26. 
Leading-order chiral perturbation theory27 and two-loop, partially 
quenched chiral perturbation theory20,28 for aµ help to describe 
finite-size corrections, but the non-perturbative, leading-order, large-L 
expansion of ref. 29 indicates that those approaches still lead to sys-
tematic effects that are larger than the accuracy that we are aiming 
for. In addition to the infinite-volume extrapolation, the continuum 
extrapolation is also difficult. This is connected to the taste-symmetry 
breaking of staggered fermions, which we use in this work.

We correct for finite-volume effects on aµ by computing them directly 
by performing lattice simulations on L ≈ 11 fm lattices, with highly 
suppressed taste violations and with physical, taste-averaged pion 
masses. These corrections are cross-checked against three models 
that describe the relevant long-distance physics, in turn validating 
the use of these models for the residual, sub-per-thousand extrapola-
tion to infinite volume. These models include: (i) the full two-loop, 
finite-volume, chiral perturbation theory corrections for aµ; (ii) the 
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Fig. 2 | Continuum extrapolation of the light connected component of aµ, 
a µ

light. Before extrapolation we apply a taste-improvement procedure on the 
correlator, starting at some distance tsep. (See Supplementary Information for 
details on the improvement ‘SRHO’.) Datasets are shown for two choices of tsep, 
0.4 fm (red) and 1.3 fm (blue). The corresponding lines show fits using linear 
and quadratic terms of a2 with varying number of lattice spacings in the fit. Our 
final analysis involves about 500,000 different continuum extrapolations, 
shown in the histogram on the left. The purple line in the left panel shows the 
central value of the final result. To estimate the error related to the 
taste-improvement procedure, we use next-to-next-to-leading-order 
staggered chiral perturbation theory (NNLO) in the long-distance part of the 
correlator (t > 1.3 fm). The corresponding data are shown with grey points, 
together with a histogram, from which the systematic error related to the taste 
improvement is obtained. The total error of the final result is given by the grey 
band in the left panel. Central values are medians; errors are s.e.m. The results 
are obtained on lattices of sizes L ≈ 6 fm.
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Fig. 3 | Comparison of recent results for the LO-HPV contribution to the 
anomalous magnetic moment of the muon. See ref. 7 for a recent review. 
Green squares are lattice results: this result (filled symbol) and those of 
Gérardin et al.32, Davies et al.33, Giusti et al.34, Blum et al.19 and our earlier work, 
Borsanyi et al.14. Central values are medians; error bars are s.e.m. Compared to 
Borsanyi et al.14, this work has increased the accuracy of the scale setting from 
the per cent to the per thousand level; has decreased the statistical error from 
7.5 to 2.3; has computed all isospin-symmetry-breaking contributions, as 
opposed to estimating it, with the corresponding error being 1.4, down from 
5.1; has made a dedicated finite-size study to decrease the finite-size error from 
13.5 to 2.5; has decreased the continuum extrapolation error from 8.0 to 4.1 by 
obtaining much more statistics on our finest lattice and applying taste 
improvement. Red circles were obtained using the R-ratio method by Davier 
et al.3, Keshavarzi et al.4, and Colangelo et al.5 and Hoferichter et al.6; these 
results use the same experimental data as input. The blue shaded region is the 
value that ‐a µ

LO HVP should have to explain the experimental measurement of 
(gµ − 2), assuming no new physics.
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DHMZ’19 [3] and KNT’19 [4]. The blue shaded region is the value that aLO�HVP

µ would have to have to
explain the experimental measurement of (gµ � 2), assuming no new physics.
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Meyer–Lellouch–Lüscher–Gounaris–Sakurai technique described in 
Supplementary Information; and (iii). the ρ–π–γ model of Jegerlehner 
and Szafron30, already used in a lattice context in ref. 31. Moreover, to 
reduce discretization errors in the light-quark contributions to aµ, 
before extrapolating those contributions to the continuum, we apply 
a taste-improvement procedure that reduces lattice artefacts due to 
taste-symmetry breaking. The procedure is built upon the three models 
of π–ρ physics mentioned above. We provide evidence that validates 
this procedure in Supplementary Information.

Combining all of these ingredients, we obtain as a final result 
aµ = 707.5(2.3)stat(5.0)syst(5.5)tot. The statistical error comes mainly 
from the noisy, large-distance region of the current–current correla-
tor. The systematic error is dominated by the continuum extrapola-
tion and the finite-size effect computation. The total error is obtained 
by adding the first two in quadrature. In total, we reach a relative 
accuracy of 0.8%. In Fig. 2 we show the continuum extrapolation of 
the light, connected component of aµ, which gives the dominant 
contribution to aµ.

Figure 3 compares our result with previous lattice computations and 
also with results from the R-ratio method, which have recently been 
reviewed in ref. 7. In principle, one can reduce the uncertainty of our 
result by combining our lattice correlator, G(t), with the one obtained 
from the R-ratio method, in regions of Euclidean time in which the lat-
ter is more precise19. We do not do so here because there is a tension 
between our result and those obtained by the R-ratio method, as can be 
seen in Fig. 3. For the total LO-HVP contribution to aµ, our result is 2.0σ, 
2.5σ, 2.4σ and 2.2σ larger than the R-ratio results of aµ = 694.0(4.0) (ref. 3),  
aµ = 692.78(2.42) (ref. 4), aµ = 692.3(3.3) (refs. 5,6) and the combined 
result aµ = 693.1(4.0) of ref. 7, respectively. It is worth noting that the 
R-ratio determinations are based on the same experimental datasets 
and are therefore strongly correlated, although these datasets were 
obtained in several different and independent experiments that we have 

no reason to believe are collectively biased. Clearly, these comparisons 
need further investigation, although it should also be kept in mind 
that the tensions observed here are smaller, for instance, than what 
is usually considered experimental evidence for a new phenomenon 
(3σ) and much smaller than what is needed to claim an experimental 
discovery (5σ).

As a first step in that direction, it is instructive to consider a mod-
ified observable, where the correlator G(t) is restricted to a finite 
interval by a smooth window function19. This observable, which we 
denote as aµ,win, is obtained much more readily than aµ on the lattice. 
Its shorter-distance nature makes it far less susceptible to statistical 
noise and to finite-volume effects. Moreover, in the case of staggered 
fermions, it has reduced discretization artefacts. This is shown in 
Fig. 4, where the light, connected component of aµ,win is plotted as 
a function of a2. Because the determination of this quantity does 
not require overcoming many of the challenges described above, 
other lattice groups have obtained it with errors comparable to 
ours19,20. This allows a sharper benchmarking of our calculation of 
this challenging, light-quark contribution that dominates aµ.  
Our aµ,win

light  differs by 0.2σ and 2.2σ from the lattice results of ref. 20 
and ref. 19, respectively. Moreover, aµ,win can be computed using the 
R-ratio approach, and we do so using the dataset provided by the 
authors of ref. 4. However, here we find a 3.7σ tension with our lattice 
result.

To conclude, when combined with the other standard-model con-
tributions (see, for example, refs. 3,4), our result for the leading-order 
hadronic contribution to the anomalous magnetic moment of the 
muon, a = 707.5(5.5) × 10µ

LO HVP
tot

−10‐ , weakens the long-standing dis-
crepancy between experiment and theory. However, as discussed above 
and can be seen in Fig. 2, our lattice result shows some tension with the 
R-ratio determinations of refs. 3–6. Obviously, our findings should be 
confirmed—or refuted—by other studies using different discretizations 
of QCD. Those investigations are underway.
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Fig. 4 | Continuum extrapolation of the isospin-symmetric, light, 
connected component of the window observable aµ,win, a( )isoµ,win

ightl . The data 
points are extrapolated to the infinite-volume limit. Central values are 
medians; error bars are s.e.m. Two different ways to perform the continuum 
extrapolations are shown: one without improvement, and another with 
corrections from a model involving the ρ meson (SRHO). In both cases the lines 
show linear, quadratic and cubic fits in a2 with varying number of lattice 
spacings in the fit. The continuum-extrapolated result is shown with the results 
from Blum et al.19 and Aubin et al.20. Also plotted is our R-ratio-based 
determination, obtained using the experimental data compiled by the authors 
of ref. 4 and our lattice results for the non-light-connected contributions. This 
plot is convenient for comparing different lattice results. Regarding the total 
aµ,win, for which we must also include the contributions of flavours other than 
light and isospin-symmetry-breaking effects, we obtain 236.7(1.4)tot on the 
lattice and 229.7(1.3)tot from the R-ratio; the latter is 3.7σ or 3.1% smaller than the 
lattice result.
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Comparison: 

Contribution PdRV(09) [471] N/JN(09) [472, 573] J(17) [27] Our estimate

⇡0, ⌘, ⌘0-poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
⇡,K-loops/boxes �19(19) �19(13) �20(5) �16.4(2)

S -wave ⇡⇡ rescattering �7(7) �7(2) �5.98(1.20) �8(1)

subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)

scalars � � � �
� 1(3)tensors � � 1.1(1)

axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u, d, s-loops / short-distance � 21(3) 20(4) 15(10)

c-loop 2.3 � 2.3(2) 3(1)

total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 10�11 from 2009 and a recent update with our estimate. Legend:
PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Ny↵eler / Jegerlehner, Ny↵eler; J = Jegerlehner.

in Table 15.42 While the central values are all quite close to each other (the largest discrepancy is with the Glasgow
consensus, which, however, includes a large part of the short-distance contribution in the pseudoscalar poles) and all
compatible within errors, the largest improvement is in the uncertainty, which has been reduced by a factor 6 to 3.

The lower part of the table contains the remaining contributions, which still su↵er from significant uncertainties,
further separated into the contribution from light quarks as well as the c-loop. For these a comparison among di↵erent
evaluations is more di�cult, because model dependence is still a↵ecting all contributions (with the exception of the
short-distance contribution evaluated here). It is in this second part of the table that future progress will have to
happen.

We have described above how we obtained our final error estimate. Just for comparison, in PdRV [471] all errors
have been added in quadrature, in N/JN [472, 573] all errors have been added linearly, and in J [27] the errors have been
added in quadrature and then multiplied by a factor 2 to account for possible model uncertainties so far unaccounted
for.

We also briefly comment on the numbers in the recent review by Danilkin, Redmer, and Vanderhaeghen [626]. The
main di↵erence is their estimate of the pseudoscalar-pole contribution, 84(4) ⇥ 10�11, lower than our value by about
2.5�, which is incompatible with what we know about this contribution as explained in Sec. 4.4. The smaller value for
the PS-poles is compensated by the quark-loop contribution, 20(4) ⇥ 10�11, which is a bit larger than our estimate of
the short-distance contribution, leading to a central value, 87(13) ⇥ 10�11, very close to ours. The errors in Ref. [626]
are added linearly, but in particular the uncertainties for the axial-vectors and the short-distance contribution are much
smaller than ours, which is the main reason for their rather small total uncertainty.

The comparison discussed here clearly shows that there has been significant progress since the time of the Glasgow
consensus. The development of a more systematic approach to the calculation of the HLbL contribution has led to
improved estimates of several of the underlying contributions. The shifts in the central values are relatively moderate,
never larger than two sigmas with respect to older estimates, but the overall shift is quite significant and in the negative
direction, thus increasing the discrepancy with the measured value. Even more important than the shift in the central
value is our ability to make better uncertainty estimates. In some cases these have been drastically reduced with
respect to the time of the Glasgow consensus, but in some others a better theoretical understanding of the formalism
has led to a more cautious attitude. The upshot is that even taking a conservative approach we could bring the total
uncertainty down to about 20% of the central value and the prospects for an even further reduction in the coming
years, towards the 10% goal, are very good as will be sketched in the next subsection.

42To make a meaningful comparison, since the largest contribution among the scalars is due to the �/ f0(500), which is treated as a ⇡⇡ rescattering
e↵ect here, we have considered the contribution of the scalars of earlier evaluations in the line labeled “S -wave ⇡⇡ rescattering.” This is indeed
justified for the scalar contribution �6.8(2.0) ⇥ 10�11 in the ENJL model from Ref. [484], as confirmed in Ref. [666]. The �/ f0(500) is also
responsible for 50–80% of the value �6.0(1.2) ⇥ 10�11 from Ref. [27], depending on the mixing.
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NLO HLbL contribution: 

aHLbL,NLO
μ = 2 (1) × 10−11

HLbL: data-driven, dispersive
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Dispersive method - ⌧ status
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Fig. 7. Fit of the pion form factor from 4m2
⇡ to 0.3 GeV2 using a third order expansion with the constraint

F (0) = 1 and using the measured pion charge radius-squared from space-like data. The result of the fit is
integrated only up to 0.13 GeV2. This figure supersedes the corresponding plot in Fig. 4 of [9].

ahad,LO
µ [��, � ] (10�10)

Experiment
2m⇡± � 0.36 GeV 0.36 � 1.8 GeV

ALEPH 9.80 ± 0.40 ± 0.05 ± 0.07 501.2 ± 4.5 ± 2.7 ± 1.9
CLEO 9.65 ± 0.42 ± 0.17 ± 0.07 504.5 ± 5.4 ± 8.8 ± 1.9
OPAL 11.31 ± 0.76 ± 0.15 ± 0.07 515.6 ± 9.9 ± 6.9 ± 1.9
Belle 9.74 ± 0.28 ± 0.15 ± 0.07 503.9 ± 1.9 ± 7.8 ± 1.9

Combined 9.82 ± 0.13 ± 0.04 ± 0.07 506.4 ± 1.9 ± 2.2 ± 1.9

Table 6. The isospin-breaking-corrected ahad,LO
µ [��, � ] (in units of 10�10) from the measured mass spectrum by

ALEPH, CLEO, OPAL and Belle, and the combined spectrum using the corresponding branching fraction values.
The results are shown separately in two di�erent energy ranges. The first errors are due to the shapes of the mass
spectra, which also include very small contributions from the � -mass and |Vud| uncertainties. The second errors
originate from B⇡⇡0 and Be, and the third errors are due to the isospin-breaking corrections, which are partially
anti-correlated between the two energy ranges. The last row gives the evaluations using the combined spectra.
This table supersedes the corresponding results shown in Table 2 of [9].

8 Conclusions

The ALEPH non-strange spectral functions from hadronic ⌧ decays have been updated using a new
method to unfold the measured mass spectra from detector e�ects. The new method provides a more
accurate unfolding and corrects a problem in the correlation matrix of the published spectral functions [3].
The updated spectral functions have been used to repeat the analyses of [3]: a phenomenological fit to
the ⇡⇡0 mass spectrum, a QCD analysis using the vector, axial-vector, and total non-strange spectral
functions, and the computation of the hadronic contribution to the anomalous magnetic moment of the
muon. The results obtained, although similar in most cases, supersede those reported in Ref. [3].

We thank the former ALEPH Collaboration for providing the original data used in this re-analysis.
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Davier et al. 2013: ahad,LO
µ [⇡⇡, ⌧ ] = 516.2(3.5) ⇥ 10�10 (2m±

⇡ – 1.8 GeV)

Compare to e+e�:

I ahad,LO
µ [⇡⇡, e+e�] = 507.1(2.6) ⇥ 10�10 (DHMZ17, 2m±

⇡ – 1.8 GeV)

I ahad,LO
µ [⇡⇡, e+e�] = 503.7(2.0) ⇥ 10�10 (KNT18, 2m±

⇡ – 1.937 GeV)

Here treatment of isospin-breaking to relate matrix elements of V I=1,I3=1
µ to V I=1,I3=0

µ

crucial. Progress towards a first-principles calculation from LQCD+QED
(arXiv:1811.00508).
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Add a−1 = 2.77 GeV lattice spacing

I Third lattice spacing for strange data (a−1 = 2.77 GeV with
mπ = 234 MeV with sea light-quark mass corrected from global fit):
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In this figure, we have attempted a linear fit in a2. The p value of all shown
fits is good and does not resolve the a4 or a2 log(a2) coe�cients from zero. We
can, however, allow them to be included in the fit (for now just a4), which
significantly increases the uncertainty of the extrapolation
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A better way to study the quality of agreement of di↵erent discretizations
is to look at correlated di↵erences between the di↵erent methods on the same
ensemble. In these di↵erences virtually all statistical noise cancels

4

I For light quark need new ensemble at physical pion mass. Data still
being generated on Summit in USA and Booster in Germany
(a−1 = 2.77 GeV with mπ = 139 MeV)


