
MATH 215/255, SECTION 102, MIDTERM II,
NOVEMBER 19 2012 (H. DIXIT)

Closed Book and Notes. Calculators not allowed.
50 Minutes. Total: 40 marks

This exam contains two pages along with a table of Laplace transforms.

Problem 1: [12 marks] Short answers. Detailed explanation not required. 3 marks for each
question.

i) Find the particular solution of the non-homogeneous equation

y′′ + y′ + 3y = t.

ii) Find the damping constant, γ, such that the following spring-mass-damper system is
critically damped:

2y′′ + γy′ + 8y = 0.

iii) Express the function, f(t), shown in the figure below in terms of unit step functions.

f(t)

t0

−1

1

2

1 3 4

iv) Find the inverse Laplace transform of

F (s) =
2

s2 + 3s− 4

Problem 2: [10 points] If y1(t) = (1 + t) and y2(t) = et are solutions of the homogeneous
part of the following differential equation,

ty′′ − (1 + t)y′ + y = t2e2t, t > 0,

find the particular solution using variation of parameters.
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Problem 3: [10 points] Consider a spring-mass-damper system forced by an external forcing
with frequency ω. The position of the mass is described by the following initial value problem:

u′′ + 5u′ + 6u = 3 cos(ωt), u(0) = 1, u′(0) = 0.

i) Determine the steady state or forced response of the system. [7 points]

ii) The steady state response can be expressed as R cos(ωt − δ). Determine the amplitude
R in terms of ω. [3 points]

Problem 4: [8 points] Consider the following differential equation with discontinuous forc-
ing:

y′′ + 3y′ + 2y =

{
1 0 ≤ t < 10,
0 t ≥ 10,

; y(0) = y′(0) = 0,

i) Calculate the solution y(t) using Laplace transforms. [6 points]

ii) Determine limt→∞ y(t). [2 points]
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Table of Elementary Laplace Transforms

f(t) = L−1{F (s)} F (s) = L{f(t)}

1. 1
1

s
, s > 0

2. eat
1

s− a
, s > a

3. tn, n =positive integer
n!

sn+1
, s > 0

4. tp, p > −1
Γ(p+ 1)

sp+1
, s > 0

5. sin(at)
a

s2 + a2
, s > 0

6. cos(at)
s

s2 + a2
, s > 0

7. sinh(at)
a

s2 − a2
, s > |a|

8. cosh(at)
s

s2 − a2
, s > |a|

9. eat sin(bt)
b

(s− a)2 + b2
, s > a

10. eat cos(bt)
s− a

(s− a)2 + b2
, s > a

11. tneat, n =positive integer
n!

(s− a)n+1
, s > a

12. uc(t)
e−cs

s
, s > 0

13. uc(t)f(t− c) e−csF (s)

14. ectf(t) F (s− c)

15. f(ct)
1

c
F
(s

c

)

, c > 0

16.

∫ t

0

f(t− τ)g(τ)dτ F (s)G(s)

17. δ(t− c) e−cs

18. f (n)(t) snF (s)− sn−1f(0)− · · · − f (n−1)(0)

19. (−1)nf(t) F (n)(s)


















