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Abstract

In this paper, we investigate the linear and nonlinear response of SMA based Duffing
and Quadratic oscillator under large deflection conditions. In this study, we first present
thermomechanical constitutive modeling of SMA with a single degree of freedom system.
Subsequently, we solve equation to obtain linear frequency and nonlinear frequency response
using the method of harmonic balance and validate it with numerical solution as well as
averaging method under the isothermal condition. However, for non-isothermal condition,
we analyze the influence of cubic and quadratic nonlinearity on nonlinear response based
on method of harmonic balance. Analysis of results lead to various ways of controlling the
nature and extent of nonlinear response of SMA based oscillators. Such findings can be
effectively used to control external vibration of different systems.

1 Introduction

Shape memory alloy (SMA) has been used to control vibration in various areas such as aerospace,
buildings, bridges, automobile, biotechnology, etc, as its behavior and response can be controlled
under various operating conditions. A typical SMA material shows pseudoelastic or superelastic
behavior, in which, for a given external loading, its internal temperature changes with deforma-
tion due to phase transformation and heat exchange with surrounding. The phase transformation
between austenite (A) at higher temperature and martensite (M) at lower temperature can in-
duce an exothermic A → M as well as endothermic M → A transformations due to loading and
unloading, respectively. Figure 1(a) shows the structure of phase transformation between austen-
ite to martensite state. Figure 1(b) shows a detailed hysteresis loop due to internal changes in
phase and temperature of SMA. It shows that during the cooling process, austenite state (A) is
converted into twinned martensite (B) where the process of martensite transformation initiates.
It is transformed into final state of detwinned martensite phase (C) under loading. After releas-
ing the load, material regains its shape through a linear process until the stress becomes zero
(D). At point D, the process of transformation to austenite state commences. Due to heating
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process, such transformation completes at point F which is called austenite phase. Figure 1(c)
shows the effect of loading rate on hysteresis loop of SMA. It shows different types of responses
under slow and fast loading and associated effects on slopes of hysteresis loops. If the loading
rate is slow, temperature variations are small, hence system shows isothermal condition. Con-
sequently, isothermal hysteresis loop is almost flat and two plateaus are parallel. For a faster
loading rate under non-isothermal condition, nearly flat plateaus become steeper and the area of
hysteresis loop is reduced. Therefore, to model a mechanical oscillator with SMA under external
dynamic loading, rate of loading needs to be taken into consideration. In this paper, we discuss
the response of an SMA based oscillator with linear and nonlinear stiffness under isothermal as
well as non-isothermal conditions.

Research related to the development of SMA material and tuning of its properties with new
alloy for various applications covers a wide range of problems. Dimitris [6] has discussed modeling
of SMA along with its application and properties in great detail. Pseudoelastic model of SMA
is described vividly by Bernardini and Vestroni [1] using the single degree of freedom system.
Many systems incorporating SMA based cantilever beams are also widely studied [1–3]. To
study thermomechanical behavior of SMA based system, the deformation, phase transformation
and temperature variation are captured by governing equation along with constitutive equations
of SMA. Constitutive equations governing hysteresis model are obtained using a free energy
function as explained by Bernardini [4], and Ivshin and Pence [5] for isothermal as well as non-
isothermal conditions. The isothermal condition neglects heat transfer with the surrounding
[2]. Moussa et al. [7] presented experimental as well as theoretical studies of thermomechanical
behaviour of superelastic shape memory alloys for quasi-static loading cases. Theoretical and
experimental studies of SMA based systems are also studied in variety of structures [8, 19, 21].
Nonlinear frequency response of displacement amplitude as well as temperature in SMA based
system is obtained by solving coupled equation using the method of harmonic balance and the
averaging method, [9, 10]. In addition to the model developed by [1], another micromechanical
model is also developed by the Oberaigner et al. [20]. It consists of a kinetic equation, stress-
strain relation, temperature-transformed and volume-fraction relations. These equations couple
heat conduction and vibration of a rod. Changes in the phase of the material lead to energy
dissipation. Applying this model, a working temperature of damping can be found which lies
between the temperatures of martensite start and martensite finish. Thermodynamics of two
models of pseudoelastic behavior of SMA have been developed by Raniecki et al. [22]. The
first model, R-model, undergoes reversible process only and constitutes the Maxwell model of
phase transformation. Second model, RL-model, includes interaction of energy. It determines
formation of external and internal hysteresis loops with the Clausius-Duhem inequality.

Although, there are numerous studies available to analyze the influence of nonlinear frequency
response of SMA based oscillator, but all of them consider nonlinearity directly associated with
SMA behavior. In this paper, we study the influence of cubic and quadratic nonlinearity arising
from axial extension due to bending of SMA based beam. To do the analysis, we first consider
Duffing oscillator with cubic nonlinearity [13]. We solve the equation using method of harmonic
balance. By varying the nature and strength of nonlinearity from softening to hardening [24],
we obtain coupled response of SMA dased Duffing oscillator. Subsequently, we also analyze
combined effect of cubic and quadratic nonlinearity [14] using the method of harmonic balance.
Above analysis is valid for isothermal as well as non-isothermal conditions. To compare different
solution methods, we also solve SMA based Duffing oscillator using the averaging method [16]
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for isothermal condition. On comparing the results obtained from harmonic balance method
and methods of averaging, we found that averaging method underestimates the solution due to
numerical error [23]. The comparison of solution of Duffing oscillator with and without SMA
shows that frequency tuning of SMA based response can be tuned effectively by varying the
coefficients of Duffing and Quadratic oscillator.

2 Governing equation

In this section, we present the classical equations which govern thermomechanical behavior of
SMA based oscillator as mentioned by Bernardini and Vestroni [1], Lacarbonara et al. [2], and
Ivshin and Pence [5], respectively. In general, an SMA oscillator is modelled as a pseudoelastic
oscillator containing mass m, damping coefficient µ, and a SMA rod exhibiting hysteresis behav-
ior, as shown in Figure 2(a). Figure 2(b) shows description of heat exchange between the SMA
with internal temperature ϑ and surrounding temperature ϑE. In this paper, we analyze the
influence of additional nonlinearity such as cubic and quadratic nonlinearity in stiffness which
may be introduced due to geometric nonlinearity. For the sake of clarity, we first present only
classical model of SMA without these non-linearities in following paragraph.

For non-isothermal condition, temperature ϑ, displacement x, velocity v, and the fraction of
martensite phase, ξ ∈ [0,1] form a four dimensional state-space system [2], where, ξ = 0 represents
a complete austensitic state (A) and ξ = 1 represents complete martensitic state (M). The effect
associated with the material microstructure is captured by the material parameter δ = x(ξ=1) −
x(ξ=0) with δ > 0 which shows maximum transformation displacement [2, 5]. The governing
equations for thermomechanical behavior of SMA consists of linear momentum equation, internal
energy balance, entropy balance, and the second law of thermodynamics as [2]

mẍ = γ cos(Ωt)− f − µẋ (1)

ė = fẋ+ Q̇, ϑη̇ = Q̇+ Γ̇, Γ̇ ≥ 0 (2)

where, e denotes the internal energy, Q̇ represents the rate of heat exchange with surrounding,
Γ̇ = Πξ̇ indicates the rate of energy dissipation, η = c ln ϑ

ϑ0
− bδξ − b0 gives entropy of the

system, f = K(x − sgn(x)δξ) captures the restoring force of pseudoelastic SMA device. Here,
K > 0 is defined as elastic stiffness, c > 0 as the heat capacity, b as the slope of temperature-
transformation force plane, and b0 as entropy of SMA device under the fully austensitic state
at reference temperature ϑ0, Π = Kδ(|x| − δξ) − bδ(ϑ − ϑ0) is the thermodynamic driving
force associated with phase transformation rate ξ̇. Equations (1) and (2) can be written in the
state-space form in terms of state variables (x̂, v̂, ξ, ϑ̂) as [2]

˙̂x = v̂ (3)
˙̂v = γ̂ cos(Ω̂t̂)− (x̂− sgn(x̂)λξ)− 2ζv̂, (4)

ξ̇ =
Ẑ1

1− Ẑ1Ẑ2

[sgn(x̂)Jv̂ + ĥ(ϑ̂− ϑ̂E)], (5)

˙̂
ϑ =

1

1− Ẑ1Ẑ2

[−sgn(x̂)JẐ1Ẑ2v̂ − ĥ(ϑ̂− ϑ̂E)]. (6)
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where, the non-dimensional variables defined in Eqns. (3)-(6) are given by

t̂ = ωt, x̂ =
x

xMs

, ϑ̂ =
ϑ

ϑr
, (7)

Ĝ = Gbδϑr =

{
k̂1(1− ξ)[1 + tanh(k̂1Π̂ + k̂2)], if ξ̇ > 0

k̂3ξ[1− tanh(k̂3Π̂ + k̂4)], if ξ̇ < 0
(8)

Π̂ = J(|x̂| − λξ)− (ϑ̂− ϑ̂0) (9)

Ẑ1 =
Ĝ

1 + λJĜ
, Ẑ2 = −L[J(|x̂| − λξ) + ϑ̂0], (10)

where, ω and other non-dimensional parameters defined in Eqns. (7)-(10) are

ω =

√
K

m
, λ =

δ

xMs

, L =
bδ

c
, ĥ =

h

cω
, J =

fMs

bϑr
, (11)

ζ =
µ

2ωm
, γ̂ =

γ

fMs

, Ω̂ =
Ω

ω
, k̂j = kjbδϑr, j = 1, 3 (12)

such that k̂′s are given by

k̂1 =
2r

J(q̂1 − 1)
, k̂2 = k2 =

2(1− ϑ̂0)− J(q̂1 + 1)

J(q̂1 − 1)
r (13)

k̂3 =
2r

(1− q̂2)q̂3J
, k̂4 = k4 =

2(1− ϑ̂0)− q̂3J(q̂2 + 1)

(1− q̂2)q̂3J
r, (14)

where, k1 regulates the slope of phase fraction evolution and k2 controls the actual value of Π when
the transformation takes place both under forward process M → A; k3 and k4 are corresponding
values under reverse process of transformation A → M ; q̂1 = fMf

fMs
, q̂2 = fAf

fAs
, q̂3 = fAs

fMs
; fMs, fMf ,

fAs, and fAf are forces at the start and finish of corresponding transformations at temperature
ϑr; q̂2 = (1 + q̂3 − q̂1)/q̂3 and r = tanh−1(1 − 2ξr) with ξr is residue remaining during phase
transformation. For more details, reader is advised to refer Lacarbonara et al. [2] . For solving
Eqns.(3)-(6), we provide the parameters defined in Eqns. (11)-(14) and zero initial conditions
for state variables (x̂, v̂, ξ, ϑ̂). Similarly, for isothermal condition, dimension of the system is
reduced to three, i.e., (x̂, v̂, ξ), as the variation of internal temperature is neglected.

2.1 SMA based Duffing oscillator under non-isothermal conditions

To describe the influence of cubic non-linearity due to large deflection, we include a cubic non-
linear stiffness term in the equations governing x̂, ϑ̂ and ξ̂, respectively. Neglecting hat for the
sake of simplicity and rearranging equations, we write the form of SMA based Duffing oscillator
as

ẍ = γ cos(Ωt)− (x− sgn(x)λξ)− 2ζẋ− β0x
3, (15)

ϑ̇ = h(ϑE − ϑ)− Z2ξ̇, (16)

where, β0 is the coefficient of cubic stiffness term.
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To investigate the response of device, we plot frequency response curves for both displacement
and temperature under non-isothermal condition for β0 varying from −0.1 to 1.1. To obtain the
nonlinear frequency response of SMA based Duffing oscillator, we solve above equation using
harmonic balance method. For continuation of stable branch, we use arc-continuation method
with secant predictor [1, 9, 10]. The solution procedure can be briefly described below.

Lets take

X =

[
ẍ

ϑ̇

]
(17)

and assume the solution of type

x =
a0

2
+

N∑
i=1

An cos(nΩt) +Bn sin(nΩt) n = 1, 2....N (18)

ϑ =
b0

2
+

N∑
i=1

Cn cos(nΩt) +Dn sin(nΩt) n = 1, 2....N. (19)

Considering

L1 = γ cos(Ωt)− (x− sgn(x)λξ)− 2ζẋ− β0x
3, (20)

L2 = h(ϑE − ϑ)− Z2ξ̇, (21)

and using Eqns.(15), (16), (20) and (21), we get

X =

[
ẍ

ϑ̇

]
=

[
L1

L2

]
. (22)

Assuming

L1 =
c0

2
+

N∑
i=1

En cos(nΩt) + Fn sin(nΩt) n = 1, 2....N (23)

L2 =
d0

2
+

N∑
i=1

Hn cos(nΩt) + In sin(nΩt) n = 1, 2....N. (24)

From sets of Eqns. (18), (19), (20), (21) (23) and (24), and using Galerkin approximation [9], we
obtain the following harmonic balance equations,

En + AnΩ2 = 0 (25)

Fn +BnΩ2 = 0 (26)
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Hn −DnΩ = 0 (27)

In + CnΩ = 0. (28)

In above sets of Eqns. (25)-(28), there are 4N unknowns (An, Bn, Cn and Dn) and 4N equations.
The constants En, Fn, Hn and In depend on An, Bn, Cn and Dn. To calculate Fourier coefficient
En, Fn, Hn and In, we use the iterative algorithm based on evolution of An, Bn, Cn and Dn.
From An, Bn, Cn and Dn, we calculate the values of x and ϑ for timespan of [0 2π]. Using the
values of x and ϑ, we obtain ξ using numerical integration. Subsequently, we compute the values
of L1 and L2 using x, ϑ and ξ. Finally, the values of En, Fn, Hn and In are obtained by IFFT
(Inverse Fast Fourier Transform).

To obtain frequency-response curve, we use continuation method. Here, the spherical arclength
continuation method is used to obtained a constrained equation of the form,

(x− xi)
T (x− xi)− (∆s)2 = 0. (29)

Here, x is unknown quantity of current step and xi known quantity of previous step. In above
constrained equation, s is defined as the arclength along a curve and ∆s is the step size. Sub-
sequently, the predictor-corrector algorithm is used for iterative method. Here, the predictor
algorithm is proposed as,

xi+1 = xi + pi(xi − xi−1), (30)

where, pi is the step-dependent parameter. For corrector algorithm, we use Newton-Raphson
iterative method. Finally, by using predictor-corrector method, we obtain the values of unknown
constant.

2.2 SMA based Duffing oscillator under Isothermal conditions

To investigate the response of SMA based Duffing oscillator under isothermal condition, internal
temperature is taken as constant. Consequently, the governing equations given by Eqns.(15) and
() are reduced to single equation as

ẍ = γ cos(Ωt)− (x− sgn(x)λξ)− 2ζẋ− β0x
3. (31)

Assuming

X = [ẍ] (32)

and considering

L1 = γ cos(Ωt)− (x− sgn(x)λξ)− 2ζẋ− β0x
3. (33)

Writing X as,

X = [ẍ] = [L1] (34)
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and assuming the Fourier series for x as,

x =
a0

2
+

N∑
i=1

An cos(nΩt) +Bn sin(nΩt) n = 1, 2....N (35)

L1 =
c0

2
+

N∑
i=1

En cos(nΩt) + Fn sin(nΩt) n = 1, 2....N. (36)

Solving Eqns. (32), (34), (35) and (36), we obtain

En + AnΩ2 = 0 (37)

Fn +BnΩ2 = 0. (38)

In above Eqns. (37) and (38), there are 2N unknown (An and Bn), and 2N equations. Fourier
coefficients En and Fn are dependent on An and Bn. To calculate Fourier coefficients En and
Fn, we use iterative algorithm based on evolution of An and Bn. From Fourier coefficients of An
and Bn, we calculate values of x for timespan of [0 2π

Ω
]. In isothermal case, ϑ is constant. Using

values of x and ϑ, we get the values of ξ using numerical integration. Subsequently, the value of
L1 is obtained using values of x and ξ. Finally, we calculate values of En and Fn by using IFFT
(Inverse Fast Fourier Transform). In order to obtain an unstable branch of frequency response
curve, we use arc continuation method as described in the previous section.

2.3 SMA based Duffing and quadratic oscillators

To investigate the combined effect of nonlinear cubic and quadratic stiffness on the response of
SMA based Duffing and quadratic oscillators, Eqns. (15) and (16) modified to include quadratic
nonlinear term β1x

2 to get the following equations

ẍ = γ cos(Ωt)− (x− sgn(x)λξ)− 2ζẋ− β0x
3 − β1x

2, (39)

ϑ̇ = h(ϑE − ϑ)− Z2ξ̇, (40)

where, β1 is quadratic coefficient. To examine the system behavior, we vary β1 for different
values of β0. While β1 varies from -0.1 to 0.9 when β0 is taken as -0.1, 0 and 0.1, separately.
For the given parameters, above equations are solved using methods of harmonic balance and
arc-continutation as described in the previous section.

3 Results and Discussions

In this section, we present and discuss the variation of frequency response curves of SMA based
Duffing and quadratic oscillators. To do the analysis, we take parameters used in the constitutive
equations from [1,2]. The value of different parameters of Ni-Ti wire are taken as

λ = 7, q1 = 1.05, q3 = 0.6, L = 0.124, (41)
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ξr = 0.2, J = 0.315, h = 0.08, ζ = 0.05. (42)

The system is harmonically excited with low forcing magnitude of γ = 0.2 to induce small
nonlinearity with excitation frequency of Ω as a control parameter. For a given Ω, frequency
response curve is found by plotting the maximum value of displacement, ‖ X ‖ (Euclidean norm)
or |X| (absolute value), and temperature, ‖ T ‖ or |T |, respectively.

3.1 SMA based Duffing Oscillator under Isothermal Condition

In this section, we analyze transient and frequency response of SMA based Duffing oscillator
given by Eqn.(31) under isothermal condition. Figure 3(a) shows a typical frequency response
curve of SMA without Duffing nonlinearity, i.e., β0 = 0.0, corresponding to forcing of γ = 0.2. It
also shows two bifurcation points ‘A’ and ‘B’ at approximately Ω = 0.87 and 0.84, respectively.
Figures 3(b) and (c) show the variation non-dimensional pseudo-elastic force f = (x− sgn(x)λξ)
with displacement and the transient response of displacement corresponding to points ‘A’ and
‘B’. Figure 3(d) show FFT of the time series of displacement containing a single frequency for
both the points. Figures 3(e) and (f) show phase diagrams and Poincare maps which confirm
the presence of a periodic solution for two points corresponding to non-dimensional angular
frequencies of Ω = 0.87 and 0.84. Now, we compare the frequency response curves obtained
from the method of harmonic balance, method of averaging [16], and the numerical solution.
The method of harmonic balance is described in detail in the previous section and method
of averaging [16] is described in Appendix A for SMA based Duffing oscillator under isothermal
condition. In Figure 4(a), the solid curve represents solution by the method of averaging and dash
curve represents that by harmonic balance method when β0 = 0 and γ = 0.2. Such variations
are confirmed when the results are compared with numerical solution obtained using Runge-
Kutte integration under forward and backward frequency sweep. To compare the solution for
non-zero values of β0 varying from -0.1 to 1.1, results obtained by methods of harmonic balance
and averaging show similar variations as shown in Fig. 4(b). Based on the results, it is found
that using higher values of geometric nonlinearity, the nature of nonlinearity in SMA based
Duffing oscillator can be changed from softening to hardening. Such a large tuning in nonlinear
frequency response can be utilized to control the vibration effectively. Figure 4(c) show the stable
and unstable curves of frequency response obtained using averaging method at various values of
nonlinear stiffness beta0. To analyze the curve, we divide a typical frequency response into five
regions OA, AB, BC, CD, DE, and EF, respectively as shown in Figure 4(a). For β0 = −0.1, AB
curve represent unstable curve. As β0 = 0.0 and 0.1, unstable portion reduces and it diminish
at β = 0.2. With further increase of β0 value from 0.3 to 0.6, unstable portion DE increases.
After β0 = 0.7, portion CD also becomes unstable. Hence, for β0 = 0.8 and 1.1, portion CDE
shows unstable solution similar to the solutions of Duffing equation. Beyond β0 = 1.1, Duffing
response subsidize the non-linear effect of pseudo-elastic force of SMA. In the subsequent sections,
we discuss in detail about such variation in the frequency response curve under non-isothermal
conditions using the method of harmonic balance.
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3.2 SMA based Duffing Oscillator under Non-Isothermal Condition

The SMA based systems under non-isothermal conditions usually show nonlinear softening effect
in the frequency response curve in displacement as well as temperature. Figure 5(a) shows the
comparison between numerical solution and solution using the method of harmonic balance for
SMA. In this case, nonlinear effect is induced mainly due to hysteresis, i.e., energy dissipation
characteristics, which causes phase transformation and energy exchange with the surrounding.
When SMA based oscillator is combined with Duffing oscillator in which nonlinear stiffness is
induced due to large deformation of the material, it starts increasing the hardening nature.
Figure 5(a) shows the comparison between nonlinear frequency response of Duffing oscillator
with and without SMA for β0 varying from -0.09 to 1.1. It shows that due to effect of cubic
nonlinearity in the stiffness of SMA based Duffing oscillator, the nature of nonlinearity can be
effectively changed to hardening type. Figures 5(c) and (d) show the frequency response curve
of displacement and temperature change due to change in nonlinearity. However, it is also found
that the magnitude of displacement, ‖ X ‖, as well as temperature, ‖ T ‖, reduce with increase
in nonlinearity coefficient, β0. On the other hand, if the sign of β0 is reversed, softening nature
of the tube increases even further. For β0 = 0.1, frequency response curve shows very small
non-linearity, and for β0 = 0.2, bifurcation point disappears for softening curve and it shows only
stable solution. For β0 = 0.3, the curve becomes hardening type with small non-linearity. A
further increase of β0 value leads to more hardening type non-linearity. Thus, the higher values
of β0 means increase of ‖ X ‖ and ‖ T ‖ with frequency. After bifurcation point, values of ‖ X ‖
and ‖ T ‖ decrease with decrease in frequency. At β0 = 1.1, frequency response curve shows
little effect of SMA damping and full dominance of nonlinearity in stiffness of Duffing oscillator.
Finally, it is found that the sign and strength of β0 can be tuned to either increase or decrease
the SMA effect.

3.3 SMA based Duffing and Quadratic Oscillator under Non-Isothermal
Condition

Similarly to the previous section, we also discuss the influence of quadratic nonlinearity with and
without cubic nonlinearity in SMA based Duffing and quadratic oscillator under non-isothermal
condition. To do the analysis, we use the same parameters of SMA as mentioned in the previous
section. However, the quadratic nonlinear parameters, β1, are taken from -0.1 to 0.9 when the
cubic nonlinear parameter β0 are -0.1, 0, and 0.1. Figures 6(a) and (b) show the frequency
response curves for displacement and temperature at different values of cubic and quadratic
nonlinear stiffness of SMA based Duffing and quadratic oscillator. For a fixed and non-zero
values of cubic coefficient, the nonlinear response shows combined effect of cubic and quadratic
nonlinearity. For zero value of β0, the curve shows only quadratic effect. Analysis of displacement
and temperature response shows that the quadratic nonlinearity helps in tuning the nature of
nonlinear response but its strength is small as compared to that due to cubic nonlinearity.
Additionally, the displacement response also shows the presence of superharmonic response of
the order 2 and 3, respectively,

At the end, we state that the cubic nonlinear stiffness which may be induced due to large
deformation of SMA beam can lead to frequency tuning for a large range. Hence, the vibration
of different frequencies can be controlled using SMA based system. Although, the saddle-node
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bifurcation is observed corresponding to excitation forcing of γ = 0.2 at different beta0, the
possibility of quasiperiodic and chaotic responses can also be probed at higher excitation forcing.

4 Conclusions

In this paper, we analyzed the influence of cubic and quadratic nonlinear stiffness on the response
of SMA based Duffing and quadratic oscillator under isothermal and non-isothermal conditions.
To do the analysis, we solved governing equation using method of harmonic balance, method of
averaging and compared the solutions with numerical integration under isothermal condition. All
the solutions were found to be closer to each other. To do further analysis under non-isothermal
condition, we used the method of harmonic balance. After validating it with numerical solution,
we varied nonlinear stiffness parameter , β0, from -0.09 to 1.1 in Duffing oscillator with and
without SMA. It was observed that SMA based oscillator not only reduces the displacement
amplitude effectively but it can also be used to tune the nature of nonlinearity from softening
to hardening. Over the same range of β0, the temperature change is also found to be decreased,
effectively. Similar variation was also observed due to change in quadratic nonlinearity, β1, in
SMA based quadratic and Duffing oscillator. However, the strength of change due to quadratic
nonlinearity is found to be less than that due to cubic nonlinearity. However, it leads to the
presence of super harmonic response in addition to primary resonance response.

Appendix A. SMA Based Duffing Oscillator for Isothermal

Case using the Method of Averaging

In this section, we describe the Krylov−Bogolyubov method of averaging [16] to solve SMA based
Duffing oscillator under isothermal condition. Neglecting the temperature variation, governing
equation is reduced to

ẍ = γ cos(Ωt)− (x− sgn(x)λξ)− 2ζẋ− β0x
3.

Taking f(x, ϑ) = (x− sgn(x)λξ + β0x
3), the above equation becomes

ẍ = γ cos(Ωt)− f(x, ϑ)− 2ζẋ. (43)

Assuming the solution as x = R cos(Ωt+ Φ), where R is the amplitude and Φ is the phase, and
both are slowly varying function of time, and considering θ = Ωt+ Φ, we get

x = R cos(Ωt+ Φ) = R cos(θ). (44)

Differentiating Eq. (44) with respect to time, we get

ẋ = Ṙ cos(Ωt+ Φ)− ΩR sin(Ωt+ Φ)− Φ̇R sin(Ωt+ Φ)

or,

ẋ = Ṙ cos(θ)− ΩR sin(θ)− Φ̇R sin(θ) . (45)
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Taking

Ṙ cos(θ)− Φ̇R sin(θ) = 0, (46)

Eqn. (45) becomes

ẋ = −ΩRsin(θ). (47)

Again, differentiating Eq. (47) with respect to time, we get

ẍ = −ΩṘ sin(Ωt+ Φ)− Ω2R cos(Ωt+ Φ)− Φ̇R sin(Ωt+ Φ),

or,

ẍ = −ΩṘ sin(θ)− Ω2R cos(θ)− Φ̇R sin(θ). (48)

Substituting Eqn. (47) and Eqn. (48) in Eqn. (43), we get

−ΩṘ sin(θ)− Ω2R cos(θ)− Φ̇R sin(θ) + f(x, ϑ)− 2ΩζR sin(θ)

= γ cos(Ωt). (49)

Solving Eqn. (46) and Eqn. (49) for Ṙ and Φ̇, we obtain

Ṙ =
−γ cos(Ωt) sin(θ)

Ω
− ΩR sin(θ)cos(θ)− 2ζR sin2(θ)

+
f(x, ϑ) sin(θ)

Ω
(50)

Φ̇ =
−γ cos(Ωt) cos(θ)

ΩR
− Ω cos2(θ)− 2ζ sin(θ) cos(θ) +

f(x, ϑ) cos(θ)

ΩR
. (51)

Equations (50) and (51) can be averaged over one cycle of θ. Since, R and Φ are slowly varying
functions as compared to θ, therefore, R and Φ are considered as constants. Consequently, we
get the averaged equations as

Ṙ =
1

2π

∫ 2π

0

(
−γ cos(Ωt) sin(θ)

Ω
− ΩR sin(θ) cos(θ)− 2ζR sin2(θ)

+
f(x, ϑ) sin(θ)

Ω

)
dθ (52)

and

Φ̇ =
1

2π

∫ 2π

0

(
−γ cos(Ωt) cos(θ)

ΩR
− Ω cos2(θ)− 2ζ sin(θ) cos(θ)

+
f(x, ϑ) cos(θ)

ΩR

)
dθ (53)
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Equations (52) and (53) are reduced to

Ṙ =
−γsin(Φ)

2Ω
− ζR +

1

2π

∫ 2π

0

f(x, ϑ)sin(θ)

Ω

 dθ (54)

Φ̇ =
−γ cos(Φ)

2ΩR
− Ω

2
+

1

2π

∫ 2π

0

f(x, ϑ) cos(θ)

ΩR

 dθ. . (55)

To obtain frequency response of R and Φ, we apply equilibrium conditions Ṙ = 0 and Φ̇ = 0.
For solving equilibrium equations, we assume the Fourier series as,

f(x, ϑ) =
y0

2
+

N∑
i=1

Un cos(nΩt) + Vnsin(nΩt) n = 1, 2....N

or,

f(x, ϑ) =
y0

2
+

N∑
i=1

Un cos(n(θ − Φ)) + Vnsin(n(θ − Φ)) n = 1, 2....N. (56)

Substituting Eqn. (56) in Eqns. (54) and (55) and performing integration, we get equilibrium
equations in terms of Fourier coefficients Un and Vn. To calculate these Fourier coefficients, we
use iterative algorithm based on the values of R and Φ. From the values of R and Φ,we compute
the values of x for timespan of [0 2π

Ω
]. In isothermal case, ϑ is constant. Using the values of x and

ϑ, we obtain value of ξ by using numerical integration. Consequently, the values of f(x, ϑ) can be
obtained for given values of x, ϑ and ξ. Finally, Un and Vn can be computed using IFFT (Inverse
Fast Fourier Transform). In order to obtain an unstable branch of frequency response curve, we
used arc continuation method as described in the paper. The stability of the equilibrium solution
can also be obtained based on eigenvalues of the Jacobian matrix defined as

J =

[
∂Ṙ
∂R

∂Ṙ
∂φ

∂φ̇
∂R

∂φ̇
∂φ

]
=

[
−ζ − γ cos(φ)−E1 cos(φ)+F1 sin(φ)

2ω

γ cos(φ)−E1 cos(φ)+F1 sin(φ)
2ωR2

γ sin(φ)−E1 sin(φ)−F1 cos(φ)
2ωR

]
. (57)

The equilibrium solution (R, φ) is stable if real part of the eigenvalues, λ, of J are negative, i.e.,

Re(λ)=Trace(J)/2= −2 ζ ω R+γ sin(φ)−E1 sin(φ)−F1 cos(φ)
4ωR

< 0. The bifurcation point is obtained from
Re(λ)=0; Alternatively, we can also obtain the bifurcation point by finding sign of the slope of
response curve R with respect to frequency using finite difference method.
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Figure 2: (a) A lumped model of SMA based oscillator including cubic and quadratic nonlinear
stiffness. (b) A schematic representation of SMA with internal temperature and surrounding
temperature.
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Figure 3: (a) Frequency response of SMA under isothermal condition with γ = 0.2 and β0 = 0.0
showing the birfuaction points ‘A’ at Ω = 0.87 and ‘B’ at Ω = 0.84; (b) Variation of non-
dimensional pseudoelastic force f = (x − sgn(x)λξ) of SMA versus displacement, (b) Time
history of displacement, (c) FFT of displacement signals, (d) Phase diagram and (e) Pincare
map of signals under isothermal condition for points ‘A’ and ‘B’.

Figure 4: (a) Validation of solutions based on harmonic balance method and method of averaging
under isothermal case with the numerical solution when β0 = 0. Here, OA, AB, BC, CD, DE, EF
indicate different portions of response curve; AB is unstable portion and rest of the portions are
stable. (b) Comparison of the frequency response curves of SMA based cubic oscillator obtained
from harmonic balance method and method of averaging under the isothermal condition when
(γ = 0.2) and β0 varies from -0.1 t0 1.1.(c) Unstable (red asterisk) and stable portions (blue
circle) are shown for frequency response curves at different values of β0.
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